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@ Finite State Channel (FSC)
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In my Ph.D. ...

For any FSC with feedback [P.&Weissman&Goldsmith09]
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For any FSC with feedback [P.&Weissman&Goldsmith09]
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Crpp<— max  maxI(X" — Y"|so)+

log |S|
T n P(zn||lyn—1l) so n

@ directed information: n
I(X" > Y") =) I(XLYy[yih)

=1
@ causally conditioned distribution:

n
P(a"|ly"") = [] P(aila"" ")
i=1
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In my Ph.D. ...

For any FSC with feedback [P.&Weissman&Goldsmith09]
CFBZE max  minl/(X" %Y"\so)—bgi‘s‘
n P(zn|jyn=1) so n

1
Crpp<— max  maxI(X" — Y"|so)+

log |S|
T n P(zn||lyn—1l) so n

@ directed information: n
I(X" > Y") =) I(XLYy[yih)

—
@ causally conditioned distribution:
n
P(a"ly"") = [[ Plail="", 5"
ey
@ under mild conditions '

1
Crp= lim — max [(X"—=Y")
n=oe n Pz |lyn )
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My adviser questions
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My adviser questions

1
Crp= lim — max I(X"—>Y")
n=o0 n Pz |lyn 1)

© Is it computable?

@ Is there single-letter expression?
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Auxiliary random variable (r.v.)

@ Auxiliary r.v. plays an important role in multi-users
problems
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Auxiliary random variable (r.v.)

@ Auxiliary r.v. plays an important role in multi-users
problems

Gelfand-Pinsker: C = max I(U;Y)—I(U;S)
P(u|s)P(x|u,s)

Wyner-Ziv. R = Pr?i‘n) I(X;U]Y)
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Auxiliary random variable (r.v.)

@ Auxiliary r.v. plays an important role in multi-users
problems

Gelfand-Pinsker: C = max I(U;Y)—I(U;S)
P(u|s)P(x|u,s)

Wyner-Ziv. R = Pr?i‘n) I(X;U]Y)

@ Auxiliary r.v. converts multi-letter into single-letter
@ Auxiliary r.v. are i.i.d.
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Structured auxiliary r.v.

@ Non i.i.d auxiliary r.v.
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Structured auxiliary r.v.

@ Non i.i.d auxiliary r.v.
@ The auxiliary is represented by a graph

(O=mO

H. Permuter Toward single-letter feedback capacity



Structured auxiliary r.v.

@ Non i.i.d auxiliary r.v.
@ The auxiliary is represented by a graph

(O=mO

@ The graph induces a Markov process

H. Permuter Toward single-letter feedback capacity



Structured auxiliary r.v.

@ Non i.i.d auxiliary r.v.
@ The auxiliary is represented by a graph

(O=mO

@ The graph induces a Markov process

@ The single-letter expression is evaluated with the
stationary distribution
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Unifilar FSC with feedback
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@ Finite State Channel (FSC)

P(:UiaSi|xi7si—lami_layi_lasi_2) = P(yi78i|xiasi—1)
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Unifilar FSC with feedback

m T (m. vyt 1 Ys; m
—® | En Z(—7y>)P(yia5i|xia5i—1) > De —®
Yi—1

Delay |<¢——

@ Finite State Channel (FSC)

P(:UiaSi|xi7si—lami_layi_lasi_2) = P(yi78i|xiasi—1)

@ Unifilar FSC
Si = f(Si—1, X3, Ys)
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Trapdoor Channel [Blackwell61]
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Feedback capacity

Theorem [Sabag/P./Pfiserl6]
The feedback capacity of a unifilar FSC is bounded by

Cp < sup I(X,S;Y|Q), VQ-graph
p(x]s,q)
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Feedback capacity

Theorem [Sabag/P./Pfiserl6]
The feedback capacity of a unifilar FSC is bounded by

Cp < sup I(X,S;Y|Q), VQ-graph
p(x]s,q)

Q-graph defines a mapping: (Q;—1,Y:) — Q;

=1

y=0
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Feedback capacity

Theorem [Sabag/P./Pfiserl6]
The feedback capacity of a unifilar FSC is bounded by

Ofbg sSup I(X757Y|Q)7 VQ—graph
p(z]s,q)

Q-graph defines a mapping: (Q;—1,Y:) — Q;

=1
y=0

The Q-graph and P(z|s, q) induces

p(s,q,z,y) = 7(s,q)p(z]s, ¢)p(yls, )
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Feedback capacity

Theorem [Sabag/P./Pfiserl16]
The feedback capacity of a unifilar FSC is bounded by

Cfb < sup I(X’ 57Y|Q)’ VQ-graph
p(z|s,q)

@ For all known cases the upper bound is tight |Q| < 4,
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Feedback capacity

Theorem [Sabag/P./Pfiserl16]
The feedback capacity of a unifilar FSC is bounded by

Cfbg sup I(X’S7Y|Q)’ VQ-graph
p(x|s,q)

@ For all known cases the upper bound is tight |Q| < 4,
@ If |Q| unbounded then its also achievable, i.e.,

Cyp =sup sup I(X,S5;Y|Q)
Q p(z]s,q)
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Sketch Proof

1
Cpp = ax  —I(X" YT
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Sketch Proof
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Sketch Proof
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Sketch Proof
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Sketch Proof
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Sketch Proof
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Sketch Proof

1
Crn = ma, —I(X" —-Y"
= ey 1 )
n
. . -
= max (XYY
P(x;|zi—1,yi—1) Z ( i )

= max  — Y I(X;, S ;Y[
P(wz‘sz 1yl 1 Z ! ! ‘ )

IN

P(zilsi—1,qi—1) M “—

max =~ — ZI(Xz‘,Si—1;Yi|Qz‘—1)
i—1
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Sketch Proof
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Examples

Theorem [Sabag/P./Pfiserl16]

Cp < sup I(X,S;Y|Q), VQ-graph
p(x]s,q)

Ex1: Memoryless channel, |S| = 1. Choose @ constant.

Cpy < sup I(X,S:Y|Q) = supI(X;Y)
p(z]s,q) p(z)
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Examples

Theorem [Sabag/P./Pfiserl16]

Cp < sup I(X,S;Y|Q), VQ-graph
p(x]s,q)

Ex1: Memoryless channel, |S| = 1. Choose @ constant.

Cpy < sup I(X,S:Y|Q) = supI(X;Y)
p(z]s,q) p(z)

Ex2: State known at the decoder and encoder. Choose (Q = S

Cfb < sup I(X,S,Y,S‘Q) = sup I(XaY|S)
p(z|s,q) p(z|s)
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The input-constrained BEC [sabag,Permuter,Kashyap 16]

@ Binary erasure channel (BEC):
1—e¢

Oi()
6
X 7Y
4
1 1
1—c¢
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The input-constrained BEC [sabag,Permuter,Kashyap 16]

@ Binary erasure channel (BEC):
1—e¢

Oio
6
X 7Y
4
1 1
1—c¢

@ The codewords contain no-consecutive ones
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The input-constrained BEC [sabag,Permuter,Kashyap 16]

@ Binary erasure channel (BEC):
1—e¢

Oio
6
X 7Y
4
1 1
1—c¢

@ The codewords contain no-consecutive ones
@ The channel state is S;_1 = X;_1.
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Solving BEC with no consecutive "1’

Q-graph 1

y=20
y =7 y=0/?7/1

H. Permuter Toward single-letter feedback capacity



Solving BEC with no consecutive "1’

Q-graph 1

y=20
y =7 y=0/?7/1

(S, Q)—graph
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Solving BEC with no consecutive "1’
Q-graph

=1
y=20
SN E
(S, Q)—graph
(x=0,y=0/7)
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Solving BEC with no consecutive "1’

(x=0,y=0/7)
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Solving BEC with no consecutive "1’

(x=0,y=0/7)
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Solving BEC with no consecutive "1’

(x=0,y=0/7)

Plz=1s=1q9g=1)=Plx=1ls=1,¢g=2)=0
Plz=1s=0,g=1)=p
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Solving BEC with no consecutive "1’

(x=0,y=0/7)

Plz=1s=1,9g=1)=Plx=1ls=1,¢g=2)=0
Plz=1s=0,q=1)=p
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Solving BEC with no consecutive "1’

P
(z=0,y=0/7)

C pE

Plz=1s=1,9g=1)=Plx=1ls=1,¢g=2)=0
Plz=1s=0,q=1)=p
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Plz=1s=1q9g=1)=Plx=1ls=1,¢g=2)=0
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Solving BEC with no consecutive "1’

Plz=1s=1q9g=1)=Plx=1ls=1,¢g=2)=0
Plz=1s=0,q=1)=p
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Solving BEC with no consecutive "1’

1 pe PpE
1+p 1+p 1+p

[770,17 1,15 7Tl,2] =
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Final step in solving BEC with no consecutive 1’

Evaluate
I(X,5:Y|Q)
at 7(s, q)p(x|s, q)p(y|z, s):
H
Cyp < max Lpl)
Popti=
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Sketch Proof

1
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— max I XZ’ Y YZ
P(z;|zi—1yi—1) Z ( il )
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

pladly’) = p(yelyt=1)
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Sufficient condition

® The channel state estimation:

plse, yely'™!
p(st|yt) —_ ) | )

pluly™h
2,1 P56 Yt Ty 11 ')
th,st_l p(yt, Ty, S¢—1 |yt—1)
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

pluly™h
2,1 P56 Yt Ty 11 ')
th,st_l p(yt, Ty, S¢—1 |yt—1)

p(sely’) =

This mapping is denoted by B, : P(S) x YV — [0, 1].
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

p(yelyh)
Zzt,St—1 p(St, Y, Tty St—1 |yt—1 )
Zzt,st_l p(yt, Ty, S¢—1 |yt71)

p(sely’) =

This mapping is denoted by B; : P(S) x Y — [0, 1].
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

Cpluely™h)
th,s,s—l p(Sta Yty Tty St—1 |yt—1)
th,st_l (e, T, St—1|yt~1)

p(sely’) =

This mapping is denoted by B, : P(S) x V — [0, 1].
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

pluly™h
= thvst—l P(st, Yo, Tey se-1]y' ™)
th,st_l p(yt, Ty, S¢—1 |yt—1)

p(sely’) =

This mapping is denoted by B, : P(S) x Y — [0, 1].
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

pluly™h
= thvst—l P(st, Yo, Tey se-1]y' ™)
th,st_l p(yt, Ty, S¢—1 |yt—1)

p(sely’) =

This mapping is denoted by B, : P(S) x YV — [0, 1].
@ Aninput, p(z|s, q), is BCIR-invariant if

(S = s1Q = 2(q,9)) V(y,q) €Y x Q,

where ®(q, y) is the Q-graph mapping.
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

pluly™h
= thvst—l P(st, Yo, Tey se-1]y' ™)
th,st_l p(yt, Ty, S¢—1 |yt—1)

p(sely’) =

This mapping is denoted by B, : P(S) x YV — [0, 1].
@ Aninput, p(z|s, q), is BCIR-invariant if

(S = s|Q = ®(q,y)) = Bs(ms)19=¢>¥) Y(y,90) €Y x Q,

where ®(q, y) is the Q-graph mapping.
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Sufficient condition

® The channel state estimation:

p(st, yely'™1)

pluly™h
2,1 P56 Yt Ty 11 ')
th,st_l p(yt, Ty, S¢—1 |yt—1)

p(sely’) =

This mapping is denoted by B, : P(S) x YV — [0, 1].
@ Aninput, p(z|s, q), is BCIR-invariant if

(S = s|Q = ®(q,y)) = Bs(ms)19=¢>¥) Y(y,90) €Y x Q,

where ®(q,y) is the Q-graph mapping.
o [p(x]s, q) is BCIR-invariant = ¥; — Q;_1 — Y Vi
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Final step in solving BEC with no consecutive 1’

Evaluate
I(X,S;Y|Q)
at 7(s, q)p(zs, ¢)p(y|z, s):
H
Crp < max 2(p1) :
Popti=
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Final step in solving BEC with no consecutive 1’

Evaluate
I(X,S;Y|Q)
at 7(s, q)p(zs, ¢)p(y|z, s):
H
Crp < max 2(p1) :
Popti=

We show that maximizing input is BCJR, hence

C+p, = max
fb b
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Trapdoor Channel [Blackwell61]

Robert B. Ash
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Trapdoor Channel [Blackwell61]

Robert B. Ash

Ising Channel [Bergerao]

%Lé %L% ~ Jai,  with prob. 3
vi= z;—1, With prob. 3
\e
INFORMATION
THEORY
Cpy, =log g, ¢ = Y3+ Cpp = max, 222 ~ 0.575

Dicode Erasure Channel [pfisterog]

Erasure Channel
with no repeated 1's

)%= i, with prob. 1—c¢ 0 1-¢ 0
= with prob. e
?
¢ :
1
1—e¢ 1
Cpp = max, (1 — 6)I€)i§fl—26(§2 Cpp = max;, plfl(i
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Matching schemes for memoryless channels
© The posterior intervals p(m|y):
e

0 1
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Matching schemes for memoryless channels

© The posterior intervals p(m|y):

[ | (I | | | 1] 125

I LI LI LI T 1 LI 1 1

0 1
© The encoder matches inputs according to p*(z)

L P(X =1) | P(X =2)
I

T
0
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Matching schemes for memoryless channels

© The posterior intervals p(m|y):

[ | (I | | | 1] 125

I LI LI LI T 1 LI 1 1

0 1
© The encoder matches inputs according to p*(z)

L P(X =1) | P(X =2)
I

T
0

© The decoder declares 7 = max,, p(m|y")
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Matching schemes for memoryless channels

© The posterior intervals p(m|y):

[ | (I | 1 11
I T T T T T
0

© The encoder matches inputs according to p*(z)

L P(X =1) | P(X =2)
I

T
0

© The decoder declares 7 = max,, p(m|y")

@ For memoryless channels:
- BSC (Horstein 63), AWGN channel (Schalkwijk, Kailath 66).
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Matching schemes for memoryless channels

© The posterior intervals p(m|y):

[ | (I | 1 11
I T T T T T
0

© The encoder matches inputs according to p*(z)

L P(X =1) | P(X =2)
I

T
0

© The decoder declares 7 = max,, p(m|y")

@ For memoryless channels:

- BSC (Horstein 63), AWGN channel (Schalkwijk, Kailath 66).
- For all memoryless channels (Shayevitz, Feder 11, 16).
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Matching schemes for memoryless channels

© The posterior intervals p(m|y):

[ | (I | 1 11
I T T T T T
0

© The encoder matches inputs according to p*(z)

L P(X =1) | P(X =2)
I

T
0

© The decoder declares 7 = max,, p(m|y")

@ For memoryless channels:

- BSC (Horstein 63), AWGN channel (Schalkwijk, Kailath 66).

- For all memoryless channels (Shayevitz, Feder 11, 16).
- New and simple proof, (Li, EIl Gamal 15).
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Matching schemes for memoryless channels

© The posterior intervals p(m|y):

Cyclic shift

-t 12 1 1] 11 1 1
I LI

0

© The encoder matches inputs according to p*(z)

L P(X =1) | P(X =2)
I

T
0

© The decoder declares 7 = max,, p(m|y")

@ For memoryless channels:

- BSC (Horstein 63), AWGN channel (Schalkwijk, Kailath 66).

- For all memoryless channels (Shayevitz, Feder 11, 16).
- New and simple proof, (Li, EIl Gamal 15).
- random cyclic shift
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Matching schemes for unifilar channels

o y'~lis public
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Matching schemes for unifilar channels

o y'~lis public
@ for each message compute s;_1(m,y' 1)

.

N

IS
oo —+

w

P(X =0[$=0,Q=q) P(X=1/S=0,Q=q) T PX=0S=1.Q=q)

|
I 1 s I 1

P(X=1S=1,Q=¢q) |
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Matching schemes for unifilar channels

o y'~lis public
@ for each message compute s;_1(m,y' 1)

< [ a
« T »
[ I I I I | t 3 1 L1 |
I I I 1 I I I ! I LI I 1
Cyclic shift = Cyclic shift -
» »
P(X=0[S=0,Q=2q) | P(X=15=0,Q=q) T PX=0S=1.Q=q) P(X = 1\5:1.(2:1,“
| | { | 1
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Matching schemes for unifilar channels

o y'~lis public
@ for each message compute s;_1(m,y' 1)

< [ a
« T »
[ I I I I | t 3 1 L1 |
I I I 1 I I I ! I LI I 1
Cyclic shift = Cyclic shift -
» »
P(X=0[S=0,Q=2q) | P(X=15=0,Q=q) T PX=0S=1.Q=q) P(X = 1\5:1.(2:1,“
| | { | 1

@ new message-splitting idea
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Intuition for posterior matching for unifilar channels

@ The posterior principle,

p(yt|m> yt_l)

t\ m t—1
p(mly") = p(mly )p(ytlyt—l)
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Intuition for posterior matching for unifilar channels

@ The posterior principle,

p(yt|m> yt_l)
p(yely'=1)
p(yt|xt(mv yt_1)> St—l(m> yt_l))
p(ytlge—1)

p(mly") = p(mly'™")

= p(mly"™")
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Intuition for posterior matching for unifilar channels

@ The posterior principle,

p(yelm,y' 1)
pyelyt=1)
pyelze(m, y' 1), se1(m,y' 1))
p(yt’(thl)

p(mly") = p(mly'™")

= p(mly"™")

@ The gainis

P(Yt|Xt,5t1)] _ B [10 p(Ye| Xt Si—1, Qi—1)
p(Y|Qi—1) p(Yi|Qi-1)
= I(Xtyst—ISYt|Qt—1)

FE |log
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Intuition for posterior matching for unifilar channels

@ The posterior principle,

plaly’) = ol P D)

p(yelyt=1)
B 1\ P(elze(m, y' 1), se_1(m,y' 1))
=p(mly"™) —
p(yt’(thl)

@ The gainis

P(Yt|Xt,5t1)] _ B [10 p(Ye| Xt Si—1, Qi—1)
p(Y|Qi—1) p(Yi|Qi-1)
= I(Xtyst—ISYt|Qt—1)

FE |log

[Feedback capacity and coding for the BIBO channel with a no-repeated-ones

input constraint, Sabag/P/Kashyap, on Arxiv]

H. Permuter Toward single-letter feedback capacity



Summary

@ Introduced the idea of structured auxiliary r.v.
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Cp < sup I(X,S;Y]Q). VQ-graph
p(z‘qu)
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Summary
@ Introduced the idea of structured auxiliary r.v.
@ Plays important role in feedback capacity of unifilar channel

Cp < sup I(X,S;Y]Q). VQ-graph
p(x‘qu)

@ Tight for all known channel
@ Tight for all channels if cardinality is unbounded
@ Sufficient condition on finite @
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Summary

(]

Introduced the idea of structured auxiliary r.v.
Plays important role in feedback capacity of unifilar channel

Cp < sup I(X,S;Y]Q). VQ-graph
p(x‘qu)

(]

Tight for all known channel

Tight for all channels if cardinality is unbounded
Sufficient condition on finite @

Coding based on posterior matching scheme

© ¢ ¢ ¢
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Summary

(]

Introduced the idea of structured auxiliary r.v.
Plays important role in feedback capacity of unifilar channel

Cp < sup I(X,S;Y]Q). VQ-graph
p(x‘qu)

(]

Tight for all known channel

Tight for all channels if cardinality is unbounded
Sufficient condition on finite @

Coding based on posterior matching scheme

© ¢ ¢ ¢

Ongoing work

(]

Algorithm for computing the bound for large Q.
Derive cardinality bound on Q.

(]
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Summary

(]

Introduced the idea of structured auxiliary r.v.
Plays important role in feedback capacity of unifilar channel

Cp < sup I(X,S;Y]Q). VQ-graph
p(z‘qu)

(]

Tight for all known channel

Tight for all channels if cardinality is unbounded
Sufficient condition on finite @

Coding based on posterior matching scheme

© ¢ ¢ ¢

Ongoing work

(]

Algorithm for computing the bound for large Q.
Derive cardinality bound on Q.

(]

Thank you very much!
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Sufficient condition

@ The channel state estimation (DP state):

plse, yely' ™)
p(yely'=1)

Dy DSt Yt Ty 561 ly' )
th,sH P(Ye: Te, St-1ly' 1)

p(5t|yt) =
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Sufficient condition

@ The channel state estimation (DP state):

plse, yely' ™)
p(yely'=1)
B Dy DSt Yt Ty 561 ly' )
th,sH P(Ye: Te, St-1ly' 1)

p(5t|yt) =

@ This mapping is denoted by BCIR: Z x Y — Z.
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Sufficient condition

@ The channel state estimation (DP state):

p(st, yely'™1)
p(yelyt=1)
s PS6 YL sy )
thyst71 p(yt7 Tt, Si/fl‘ylil)

p(5t|yt) =

@ This mapping is denoted by BCIR: Z x Y — Z.
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Sufficient condition

@ The channel state estimation (DP state):

p(se, yely'™1)
p(yely'™1)
_ thshl P86, Yt Tes se—1 ]y ™)
D wrsny P T st |yt 1)

p(5t|yt) =

@ This mapping is denoted by BCIR : Z x )V — Z.
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Sufficient condition

@ The channel state estimation (DP state):

plse, yely' ™)
p(yely'=1)
B Dy DSt Yt Ty 561 ly' )
th,sH P(Ye: Te, St-1ly' 1)

p(sily’) =

@ This mapping is denoted by BCIR: Z x Y — Z.
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Sufficient condition

@ The channel state estimation (DP state):

plse, yely' ™)
p(yely'=1)
B Dy DSt Yt Ty 561 ly' )
th,sH P(Ye: Te, St-1ly' 1)

p(5t|yt) =

@ This mapping is denoted by BCIR: Z x Y — Z.

@ If |Z] < co and Py g, satisfies the BCIJR mapping, we call it
BCJR-invariant.
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Sufficient condition

@ The channel state estimation (DP state):

p(se yely' ™)
p(yely'™1)

Dy DSt Yt Ty 561 ly' )
ZMSH P(Ye: Te, St-1ly' 1)

p(5t|yt) =

@ This mapping is denoted by BCIR: Z x Y — Z.

@ If |Z] < co and Py g, satisfies the BCIJR mapping, we call it
BCJR-invariant.

Theorem (Lower bound)

The feedback capacity satisfies
C(fb Z I(X7 57 Y|Q)7

for all BCJR-invariant inputs.
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Upper bound with sufficient condition

Theorem [Sabag/P./Pfiserl6]
The feedback capacity of a unifilar FSC is bounded by

Cp < max I(X,8;Y]Q), VQ-graph

p(z|s,q)

and if p*(z|s, ¢) is BCJIR-invariant input, equality holds.
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