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Directed Information [Massey90] inspired by [Marko 73]
I(X" Y™ & HY"™ - HY"|X")
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Directed Information [Massey90] inspired by [Marko 73]
I(X" Y™ & HY"™ - HY"|X")
I(X™Y") £ H(Y")-HY"X")
Causal Conditioning [Kramer98]
H(Y"|X") £ E[-log P(Y"[|X")]
HY"™X™) £ E[-logP(Y"X")]
P@y"la") = [[Pl"y™)

=1
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Directed Information
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Causal Conditioning
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[Massey90] inspired by [Marko 73]
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[Kramer98]
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Directed Information [Massey90] inspired by [Marko 73]
I(X"—ym" £ HY™) —HY"™|X")
I(X™Y™) = HY")—H(Y"X")

Causal Conditioning [Kramer98]

H(Y"|X") £ E[-log P(Y"[|X")]

H(Y"X") 2 E[-log P(Y"|X")]
n . .
P@y"|") £ 1] Pl v
=1
n . .
P 2" & T P@wile™ "y )
=1
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Directed information and causal conditioning

characterizes

© rate reduction in losless compression due to causal side
information at the decoder,

@ the gain in growth rate in horse-race gambling due to
causal side information

@ channel capacity with feedback,

© multi user capacity with feedback: broadcast, MAC,
compound, memory-in-block networks

@ rate distortion with feedforward,

Q@ causal MMSE for additive Gaussian noise,

@ stock investment with causal side information,

© measure of causal relevance between processes,

© actions with causal constraint such as “to feed or not to
feed back”,
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Directed information optimization

How to find

max [(X" —-Y").
p|ly™=1)

Recall
n . .
I(X"—=Y™") = Y I(X5yyh
=1

— H(Y") - H(Y"||x")

_ 2 ) 1oe PO 12")
= > p"y Jlog = oy

yn,xn
P(z™, y™) can be expressed by the chain-rule
pla™,y") = p(a [y p(y"|l2")
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Convexity of directed information causal conditioning

Lemma: causal conditioning is a polyhedron

The set of all causal conditioning distributions of the form
P(z"||y"1) is a polyhedron in RI¥I"IYI"™" and is given by the
following linear equalities and inequalities:

p(a"ly"1) = 0, van, gL,
Zxﬁrl p(anyn—l) = Vi yi=1s V', yn_l’i > 1,
o Pl = 1, vy,
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Convexity of directed information causal conditioning

Lemma: causal conditioning is a polyhedron

The set of all causal conditioning distributions of the form
P(z"||y"1) is a polyhedron in RI¥I"IYI"™" and is given by the
following linear equalities and inequalities:

p(a"ly"1) = 0, van, gL,
Zwﬁrl p<xn”yn—1) = Vi yi=1s V', yn_l’i > 1,
o Pl = 1, vy,

Lemma: concavity of directed information

For a fixed channel p(y"||z"), the directed information
I(X™ — Y™) is concave in p(z"||y"~1).
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

Py lan)
=2 QP e B
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) P(yla")
=2 QP e B

= I(Q("), P(y"|2"))
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) Plyla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) P(yla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel

Z(Q"|ly" ™), P(y"[l="))
Yy

2o Q™) P(y"|a™)
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) Plyla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel

Z(Q"|ly" ™), P(y"[l="))
Yy

2o Q™) P(y"|a™)

Chain rule P(z™,y") = Q(z"||y"~ 1) P(y"||z")

H. Permuter Directed Information and the POST Channel



Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) Plyla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel

Z(Q("[ly" =), P(y"[]a™))

_ P la")
REP DRALRES yveTe ey o P

Chain rule P(z™,y") = Q(z"||y" 1) P(y"||z")
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) Plyla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel

Z(Q("[ly" =), P(y"[]a™))

P n n
_ Z P(xn’yn) In (y Ha; )n
xn’yn Zx" P(f]: 7y )

Chain rule P(z™,y") = Q(z"||y" 1) P(y"||z")
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) Plyla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel

Z(Q("[ly" =), P(y"[]a™))

P n n
Y Py P
g (")

Chain rule P(z™,y") = Q(z"||y" 1) P(y"||z")
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) Plyla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel

Z(Q("[ly" =), P(y"[]a™))

P n n
Y Py P
g (")

— H(Y") - HY"|X")

Chain rule P(z™,y") = Q(z"||y"~ 1) P(y"||z")
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Directed information as a functional

I(X™Y™) 2 HY™) - HY"X")

) ) Plyla")
=2 QP e B

= I(Q("), P(y"|2"))

@ - input distribution, P- channel

Z(Q"|ly" ™), P(y"[l="))
- Zp(xn’yn)lnw

oyt P(y)
= HY") - HY"|IX")
= I(X" = Y")

Chain rule P(z™,y") = Q(z"||y" 1) P(y"||z")
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Property of the optimization problem

max [(X" —-Y")
p@™|ly~1)

Good news
@ I(X"™ — Y™)is convex in p(z"||y"~!) for a fixed p(y™||z").
@ p(z"||y" 1) is a convex set.
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Property of the optimization problem

max [(X" —-Y")
p(z"[ly"~1)
Good news
@ I(X"™ — Y™)is convex in p(z"||y"~!) for a fixed p(y™||z").
@ p(z"||y" 1) is a convex set.
Benefits:
@ Efficient algorithm for finding the maximum.

@ Necessary and sufficient conditions (KKT conditions) for
having the optimum.

H. Permuter Directed Information and the POST Channel



Property of the optimization problem

max [(X" —-Y")
p(z"[ly"~1)
Good news
@ I(X"™ — Y™)is convex in p(z"||y"~!) for a fixed p(y™||z").
@ p(z"||y" 1) is a convex set.
Benefits:
@ Efficient algorithm for finding the maximum.

@ Necessary and sufficient conditions (KKT conditions) for
having the optimum.

To be carefull
@ I(X™ — Y™) non-convex in p(z1), ..., p(zn|z" 1, y" 1)
@ Cannot optimize each termin 3. I(X*%; Y;|Y~1) separately.
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The Alternating maximization procedure

Lemma (Double maximization)

I(X" > Y™).

max I(X" —=Y") =

max
p(@"[ly"1) p(™ly™~1).q(z™[y™)
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The Alternating maximization procedure

Lemma (Double maximization)

max I(X"—=>Y") = max I(X" —=Y"™).
p(z"|ly"~1t) p(z"[ly"~1),q(z"y")

Let f(u1,us2), be a convex fun and we want to find

max Uy, U9 ).
uleAl,uQGAgf( b 2)

The procedure is

ugk+1) k) (k))’ (k+1) (k+1) (k))'

(
—arg max f(uy ', u U = arg max f(u U
gule 1f(1 y Ug 2 gu2€ 2f(1 , Ug

7 = ), u?).

Theorem (The Alternating maximization procedure)

lim f® = max UL, U).
k—)oof uj €Ay, u2€ Az f( L 2)
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BA for directed information

Compute by the alternating maximization procedure

max max [(X" —Y").
p(™ly* 1) q(="[y")
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BA for directed information

Compute by the alternating maximization procedure

max max [(X" —Y").
p(™ly* 1) q(="[y")

1st step

Lemma (max(;n|yn) [(X™ = Y™))

For fixed p(z"||y"~1), ¢*(z"|y") that achieves
maxXg(zn|yn) I(Xn — Yn), is

(™) — p(a™|ly" Hp(y™||lz™)
CEW) = D)
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2nd Step

Lemma (max;,(n | -1y (X" — Y™))

For fixed ¢(z"|y") , p*(2"||y"~!) that achieves
max,(zn|jyn—1) I(Xn — Y”), is:
starting from i = n, compute p(z;|z~1, 3~ 1)

-1y P2ty

D — ¥ (il _ L
A R SRk

where

[T, p(y; 27,57 1) [T=it1p;s

p'(xi,yi_l) _ H [ q(wn|yn) ’

n
Ty Yy Hj:i—H &

and do so backwards until 7 = 1.

H. Permuter Directed Information and the POST Channel



Main ideas of 2nd Step

@ Exchange p(z"||y"~!) by the set {p;}"_, where
pi = p(zila™ y* )

max I(X" —Y")=maxmax..max (X" - Y")
p(zm||y™—1) P11 P2 Pn
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Main ideas of 2nd Step

@ Exchange p(z"||y"~!) by the set {p;}"_, where
pi = p(zila™ y* )

max I(X" —Y")=maxmax..max (X" - Y")
p(zm||y™—1) P11 P2 Pn

@ J(X™ — Y™)is concave in each p;.
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Main ideas of 2nd Step

@ Exchange p(z"||y"~!) by the set {p;}"_, where
pi = p(zila™ y* )

max I(X" —Y")=maxmax..max (X" - Y")
p(zm||y™—1) P11 P2 Pn

@ J(X™ — Y™)is concave in each p;.
@ For fixed ¢(z"|y") , p; that achieves max,, I(X" — Y™),
depends only on

q(x™[y"), Pig1, Dit2s - Pn
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Main ideas of 2nd Step

@ Exchange p(z"||y"~!) by the set {p;}"_, where
pi = plagla’™ty )

max I(X" —Y")=maxmax..max (X" - Y")
p(zm||y™—1) P11 P2 Pn

@ J(X™ — Y™)is concave in each p;.
@ For fixed ¢(z"|y") , p; that achieves max,, I(X" — Y™),
depends only on

q(@"|y"), Dit1,Pit2, - Dn

® Hence we can find

max ... <max <max I(X" — Y")))

p1 Pn—1 Pn

despite being nonconvex.
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How to terminate the algorithm?

@ Using steps 1 and 2 we can compute

_ q(z"y")
I, = p(y™|2™)r(2™]|y" ) log ———2 2.
> oy |2y R ey B

yr,zn

which converges from below to max,yn|,n-1) (X" — Y™)
@ We also have an upper bound

Iy = max g max - - g max E p(y"||z™) log p(y"lz")
1 " o Tn Z
1

Yn—1 on zn p(yon/n)p(:];/nHyn—l)

@ The algorithm terminates when

[y —Ir[ <e
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maximizing the directed information for BSC(0.3)
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Directed information rate
0.77

0.76 r
0.751|
0.74
Q) \\\
c% 073 |
> \\I(Xn+1 — Yn+1) _ I(Xn — Yn)
0.72 \‘\
ortf |
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Channels without feedback

Encoder Memoryless Channel Decoder
Estimated
Message . | message
— > xi(m) > P(yilzi) > () — >
m T Yi m
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Channels with feedback

Encoder Memoryless Channel Decoder
— Estimated
ey ' > | I message
xi(m, le) > P(yz|l‘z> > )
" i Yi "
A
Unit Delay |« Time-Invarian
Zi—1(Yi-1) zi(y;)| Function "
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Channels with feedback

Encoder Finite State Channel Decoder
Estimated
Message - . . R message
—>z;(m, 2'7Y) | P(yi,silTi, si—1) > ) ™
m T Yi m
A
Unit Delay < Time-lnv_arian
Zi—l(yi—l) zz(yz) Function Yi
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Channels with feedback

Encoder Finite State Channel Decoder
Estimated
Message - . . R message
—>z;(m, 2'7Y) | P(yi,silTi, si—1) > ) ™
m T Yi m
A
Unit Delay < Time-lnv_arian
Zi—l(yi—l) zz(yz) Function Yi

Finite State Channel(FSC) property:

Py, sila’, sy ™) = Plys, sil v, sio1)
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

@ Binary Symmetric channel (BSC)

@ Erasure channel

@ Z- channel

@ Arbitrary memoryless binary channel
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

©

Binary Symmetric channel (BSC)
Erasure channel

Z- channel

Arbitrary memoryless binary channel
Numerical solutions [Blahut72, Arimoto72]

¢ © ¢ ¢
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

©

¢ ¢ © ¢ ¢
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

@ What about channels with memory?

¢ © 6 ¢ ¢

(4
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

@ What about channels with memory?
@ Mod-2 addition channel Y; = X; & Z;, where Z; stationary.

¢ © 6 ¢ ¢

(4

C=1- lim H(Z|Z"") [with feedback, by Alajajios]
n— oo
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

@ What about channels with memory?
@ Mod-2 addition channel Y; = X; & Z;, where Z; stationary.

¢ © 6 ¢ ¢

(4

C=1- lim H(Z|Z"") [with feedback, by Alajajios]
n— oo

@ Additive Gaussian channel Y; = X; + Z;. [Shannon49]
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

@ What about channels with memory?
@ Mod-2 addition channel Y; = X; & Z;, where Z; stationary.

¢ © 6 ¢ ¢

(4

C=1- lim H(Z|Z"") [with feedback, by Alajajios]
n— oo

@ Additive Gaussian channel Y; = X; + Z;. [Shannon49]
@ Additive Gaussian ARMA channel with feedback [Kim10]
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

@ What about channels with memory?
@ Mod-2 addition channel Y; = X; & Z;, where Z; stationary.

¢ © 6 ¢ ¢

(4

C=1- lim H(Z|Z"") [with feedback, by Alajajios]
n— oo

@ Additive Gaussian channel Y; = X; + Z;. [Shannon49]
@ Additive Gaussian ARMA channel with feedback [Kim10]
@ State known at En and De [Goldsmith/Varaiya97, Chen/Berger05]
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

©

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

@ What about channels with memory?
@ Mod-2 addition channel Y; = X; & Z;, where Z; stationary.

¢ © ¢ ¢

(4

C=1- lim H(Z|Z"") [with feedback, by Alajajios]
n— oo

@ Additive Gaussian channel Y; = X; + Z;. [Shannon49]

@ Additive Gaussian ARMA channel with feedback [Kim10]

@ State known at En and De [Goldsmith/Varaiya97, Chen/Berger05]
@ Trapdoor channel with feedback [P./Cuff/Weissman/Van-Roy10]
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Exact capacity computations

@ For memoryless channels we know the exact capacity:

©

Binary Symmetric channel (BSC)

Erasure channel

Z- channel

Arbitrary memoryless binary channel

Numerical solutions [Blahut72, Arimoto72]
Feedback does not increase capacity [Shannon56]

@ What about channels with memory?
@ Mod-2 addition channel Y; = X; & Z;, where Z; stationary.

¢ © ¢ ¢

(4

C=1- lim H(Z|Z"") [with feedback, by Alajajios]
n— oo

Additive Gaussian channel Y; = X; + Z;. [Shannon49]
Additive Gaussian ARMA channel with feedback [Kim10]
State known at En and De [Goldsmith/Varaiya97, Chen/Berger05]
Trapdoor channel with feedback [P/Cuffiweissman/Van-Roy10]
Ising channel with feedback [Elischo/P.12]
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POST
Previous Output is the STate
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POST(a) channel

@ If y;_1 = 0 then the channel behaves as an Z channel with
parameter «

@ If y;_1 = 1 then it behaves an S channel with parameter «.

Yi—1 =20 yi—1 =1
0 0 0—"2%—0
«
Li o Yi Li Yi
1 - 1 1 1
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POST(a) channel

@ If y;_1 = 0 then the channel behaves as an Z channel with
parameter «

@ If y;_1 = 1 then it behaves an S channel with parameter «.

Yi—1 =20 yi—1 =1
]_ —
0 0 0 =0
«
xz 07 yZ xl y’L
1 - 1 1 1
Alternatively,

fX, =Y, Yi=2X
otherwise, Y; = X; @ Z;, where Z; ~ Bernnouli («)
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Simple POST channel or POST(a = 1)

if X; =Y, Vi=X;
otherwise, Y; ~ BemOuU(l)
Yic1 =0 Yi-1 =1
0 0 0 i 0
X 1 Yi L 2 Yi
1 I 1 1 1
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Goals and motivation

Yi-1=10 Yyi-1 =1
0 0 o—t—o
ZT; ! Yi Li < Yi
1 I 1 1 1
Questions

@ What is the capacity with feedback?
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@ What is the capacity without feedback?

H. Permuter

Directed Information and the POST Channel



Goals and motivation

Yi-1=10 Yyi-1 =1
0 0 o—t—o
Li i Yi Ti e Yi
1 I 1 1 1
Questions

@ What is the capacity with feedback?

@ What is the capacity without feedback?
@ Does feedback increase capacity?
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Goals and motivation

Yi-1=10 Yyi-1 =1
0 0 o—t—o
ZT; ! Yi Li < Yi
1 I 1 1 1
Questions

@ What is the capacity with feedback?
@ What is the capacity without feedback?
@ Does feedback increase capacity?

Motivation

@ Simple channel with memory
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Goals and motivation

Yi-1=10 Yyi-1 =1
0 0 o—t—o
ZT; ! Yi Li < Yi
1 I 1 1 1
Questions

@ What is the capacity with feedback?
@ What is the capacity without feedback?
@ Does feedback increase capacity?

Motivation

@ Simple channel with memory
@ Models writing on memory with cell interference
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Goals and motivation

Yi-1=10 Yyi-1 =1
0 0 o—t—o
ZT; ! Yi Li < Yi
1 I 1 1 1
Questions

@ What is the capacity with feedback?
@ What is the capacity without feedback?
@ Does feedback increase capacity?

Motivation
@ Simple channel with memory

@ Models writing on memory with cell interference
@ “To feed or not to feed back”
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Gaining intuition via a similar example

Y. Sip

M )
— En Xi P(si,yi|zs)

S; i.i.d. ~Bernoulli(3)

M
De —

5i-1=0 si1=1
0 0 0 i 0
Li ! Yi Li < Yi
1 1 1 1

2

@ Regular capacity
1 1
C= 1}131@))<I(X,Y, S) = Hb(Z) —5= 0.3111
@ Feedback capacity is the capacity of the Z channel

Cpp = —logy 0.8 = 0.3219
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Capacity of FSC with feedback

For any FSC with feedback [P.&Weissman&Goldsmith09]

1
Crp>— max  minl(X" — Y"|so)

log|S|
n P(zn||zn—1) So n

1
Crp<— max maxI(X™ — Y"|so)
n P(zn||zn—1) so

log |S
+og||
n

@ I(X™ — Y™)is the directed information.
@ P(z"|[z"!)is a causally conditioned distribution.

@ |S| is the number of states.
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Main result and idea

Feedback does not increase the capacity of the POST(«)
channel.
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Main result and idea

Theorem

Feedback does not increase the capacity of the POST(«)
channel.

Main Idea: show that for any n the two optimization problems
have the same value.

max [(X" —-Y")
Pz lym=1)

max (X" — Y™")
P(z™)
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A convex optimization problem

A convex optimization problem is of the form

minimize fo(x
subject to  f;(x
9;(x) =

where fo(x) and {f;(x)}r_, are convex functions, and
{gj(x)}}_, are affine.

@ The problem max pn|j,»-1y [(X™ — Y™) is a convex
optimization problem.
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A convex optimization problem

A convex optimization problem is of the form

minimize fo(x
subject to  f;(x
g(x) =

where fo(x) and {f;(z)}F_, are convex functions, and
{gj(x)}}_, are affine.

@ The problem max pn|j,»-1y [(X™ — Y™) is a convex
optimization problem.

@ Tool: KKT conditions are sufficient and necessary
conditions for a solutions to be optimal.
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Necessary and sufficient for max /(X" — Y™")

Theorem

A set of necessary and sufficient conditions for an input
probability P(x™||y"~!) to maximize I(X™ — Y™) is that for
some numbers ;-1

P n||pm L 3
Sl tog PEED — 5, vt g i (el > 0

Yn
P n||pm L B
Sl log PR < 50, vt g, i (el ) =0

where p(y") = 3. p(y"[lz™)p(z"||ly" ). The solution of the
optimization is

max (X" —>Y") = Byn—1 + 1.
P(an|lyn—1) ( )= 2By
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Main corollary we use to prove equality of the
optimization problems

Corollary

Let P*(2"||y"~!) achieve the maximum of

max p(gn||yn-1) L(X™ — Y™) and let P*(y™) be the induced
output pmf. If there exists an input probability distribution P(x™)
such that

pr™) =Y py"l")p"),

for any n then the feedback capacity and the nonfeedback
capacity are the same.
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Simple POST channel

Binary symmetric Markov {Y };>; with transition probability 0.2
can be described recursively

w | 0.8Py(y™h) wy | 02Py(y™h)
PO(y )— |: O.QP?(:ZTL_I) :| Pl(y )_ |: 0.8P(1)(Zn_1) :| )

where Py(y°) = P1(y°) = 1.
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Simple POST channel

Binary symmetric Markov {Y };>; with transition probability 0.2
can be described recursively

ay | 0.8Py(y" 1) ay | 0.2Py(y" 1)
O i VDR e

where Py(y°) = P1(y°) = 1.

Conditional probabilities:

P(Y1|X1, 50 = 0) P(Y1|X1,50 = 1)
X X
Yy ' 0 ! Y : 0 !
0 1 I 0 3 0
1 0 2 1 2 L
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Simple POST channel

Poly™) = { ggﬁ?gzﬁi ] Puy™) = { 0.2Py(y" ") ] ’

1-P,1p l‘Pn—lo] [l P, 1 U'Pn—lo]
P — n ) ) P — ) )
w0 [ 0-Pp1, % “Pro11 ol % “Pho1p 1-Phag
Using
Py(z") = P Po(y™), Pu(a"™) =P iPi(y")
we obtained

Py(z")

0.8Py(z" 1) —0.2P (2"~ 1)
[ 0.4P; (z"1) ] ’

o 0.4P(z" 1)
Pi(a") = [ 0.8P1(x"_1)0— 0.2Py (") ]
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Main result

Feedback does not increase capacity of POST(«)

The feedback and the non-feedback capacity of POST(«)
channel is the same as of the memoryless Z channel with

parameter «, which is C' = — log, ¢ where
c=(1+aaa)"!
1
G
= 0.8
S
o 0.6
©
204
‘S
S
< 0.2
O
0
0 0.2 0.4 0.6 0.8 1
«
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POST(a, b) channel

Yi—1 =20 yi—1 =1
0 b 0
z;
"\
1 a 1

If y;—1 = 0 then the channel behaves as DMC with parameters
(a,b) and if y;_; = 1 then the channel behaves as DMC with
parameters (b, a).

We are able to show numerically on a grid of resolution
1075 x 107% on (a, b) € [0,1] x [0, 1] that feedback does not
increase the capacity.

H. Permuter Directed Information and the POST Channel



Difficulty

We where able to obtain an input distribution that attains

P*(y"),
o 1 byPy(z"~1) — bP (21
Poa") = (a+b—1)(y+1) [ —ayPy(z" 1) + aPy (a7 1) ] ’
ny 1 aPy(z"~1) — ayPy(z"")
Pi(a") = (a+b—1)(y+1) [ —bPy(z™ 1) + by Py (2 ] ’
H(b)—H(a)
v = 2 a+tb-1

but how to show analytically that Py(z") and P;(«™) are valid.
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Inequalities that we needed.

In order to prove that P(z") is valid we needed:

o 72%

) 7§%

) 72%fora2b

2<% fora>bh

° @zlforazlf)andaégbl;

@ y2(@+b)? —4ab>0

@ (@ +b) —\/72(a+b)2 — 4ab < 2b, for a > b and aa < bb
where

7:211(;1;511(@)
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Inequalities that we needed.

In order to prove that P(z") is valid we needed:

o 72%

) 7§%

) 72%fora2b

2<% fora>bh

° @zlforazlf)andaégbl;

@ 2(@+b)? —4ab>0

@ (@ +b) —\/72(a+b)2 — 4ab < 2b, for a > b and aa < bb
where

7:211(;1;511(@)
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Main result

Feedback does not increase capacity of a POST(a, b) channel

The feedback and the non-feedback capacity of POST(a, b)
channel is the same as of a binary DMC channel with
parameters (a,b), which is given by

aHy(b)—bHy(a) bH} (a)—aHy(b) ]

C =log [2 atb—1 27 atb-1

=
wn

Capacity

O

b 00 a

H. Permuter Directed Information and the POST Channel



Is there a POST channel where feedback increases

capacity?
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Is there a POST channel where feedback increases
capacity?

1 1 1 1
2 2 2 2
o o
Ti o o Ui Ti o o Ui
° ° o °
m m
m—+1 m+1 m+ m + 1
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Is there a POST channel where feedback increases
capacity?

1 1
2 2
T Yi Lg Yi
m m
m+ 1 m+1 m+ m~+ 1
upper bound on capacity lower bound on C'y,,
m | §max,, maxp(xe)I(XG;Y6|so) R = logT2m
29 2.5376 3.0000
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Directed Information

@ Directed information is a multi letter expression
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Directed Information
@ Directed information is a multi letter expression

@ Directed information has similar properties as mutual
information
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Directed Information

@ Directed information is a multi letter expression

@ Directed information has similar properties as mutual
information

@ For any finite n directed information is a computable
measure due to convexity properties
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Directed Information

@ Directed information is a multi letter expression

@ Directed information has similar properties as mutual
information

@ For any finite n directed information is a computable
measure due to convexity properties

Channels with memory

@ If we can generate P, (y") using non feedback input then
feedback does not increase capacity.

@ Feedback does not increase capacity of POST(a, b)

Thank you very much!
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Convex Optimization vs Dynamic Programming

Comparing two approaches to compute

max I(X" —Y").
p|ly™=1)

[ | Convex Optimization | Dynamic Programming |

Channel any FSC unifilar FSC
Length n <15 unlimited
Solution exact for n < oo approximate

Suff. cond | kkt conditions for n < oo | Bellman Eq. for n = oo
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Convex Optimization vs Dynamic Programming

Comparing two approaches to compute

max I(X" —Y").
p|ly™=1)

[ | Convex Optimization | Dynamic Programming |

Channel any FSC unifilar FSC
Length n <15 unlimited
Solution exact for n < oo approximate

Suff. cond | kkt conditions for n < oo | Bellman Eq. for n = oo
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