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ABSTRACT. Let T and S be commuting contractions on a Banach space
X. We consider the problem of when a vector x € X is a double cobound-
ary — i.e. is of the form z = (I — T)(I — S)y for some y € X. We show
that when 7" and S are uniformly ergodic with the same sets of fixed
points, x is a double coboundary if and only if

sup[|( D> SN Y THa| < oo,
n 0<k<n-—1 0<k<n-—1
and deduce a characterization of when 7' and S are both uniformly
ergodic, extending a result of Fonf, Lin and Rubinov for a single con-
traction. When X is a dual space and the contractions S and T are dual
operators, x is a double coboundary if and only if

sup (D> SO D THa|| < oo,
n 0<k<n-—1 0<k<n-—1

with no additional assumptions.

1. INTRODUCTION

Gottschalk and Hedlund proved in their book [23, p. 135] that if 0 is a
minimal homeomorphism of a compact Hausdorff space K (i.e. for every
x € K the orbit {#*z};>¢ is dense in K), then a continuous function f is of
the form f = g — g o 0 for some continuous ¢ if (and only if)
sup,, | 74 f o 0%||c(x) < oo. Browder [7] proved that if T is a power-
bounded operator in a reflexive Banach space X, then

n—1
(1.1) x € (I-T)X ifandonlyif sup]| ZT’“QEH < 0.
" k=0
Browder’s result was rediscovered in [9]. Lin [36, Theorem 3.1] (see also Lin
and Sine [37]) extended Browder’s result to the case that 7' is a dual operator
in a dual Banach space; Browder’s result is then a corollary. Additional
information is given in [16, Part 2]. It was also proved in [37] that every
contraction in L; satisfies (1.1). Note that by [21], there is a power-bounded
T on L; for which (1.1) fails. Wittmann (see [31]) proved that if T is the
Markov operator induced on the space of bounded measurable functions by
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a transition probablity, then (1.1) holds. The result of [23] was extended to
irreducible Markov operators on C(K) of a compact Hausdorff space K by
Kornfeld and Lin [31].

Unaware of Browder’s result, Robinson [41] proved (1.1) when X is a
Hilbert space and T is unitary (using the spectral theorem). Leonov [34]
gave a proof of (1.1) for contractions in a Hilbert space (although his state-
ment is for isometries) satisfying a ”mixing condition”. It was later noted by
Aaronson and Weiss [1] that Leonov’s proof yields (1.1) when X = Ly(u),
1 < p < o0, and T is induced by a transformation preserving the probability
w; it is also indicated in [1] how to modify Leonov’s proof to obtain the
result when p = 1. Kozma and Lev [32, Theorem 4.1] noticed that Robin-
son’s proof yields that for 1" unitary on a Hilbert space H, the condition
Supy & ZT]YZI I Zz;é T*z||? < o is sufficient (and obviously necessary) for
x € (I —T)H, and gave an even weaker sufficient condition. Conditions
for solving the equation f = h — h o 8 when 6 is a probability preserving
transformation and f is a given measurable function were given in [2], [42]
and [43]; Anosov [3] proved that if f is integrable, then [ f = 0 (even if h
is not integrable). As an example, Anosov proved that for € an irrational
rotation of the circle there exists a continuous function f = h — ho 6 with h
not integrable; see also [29]. On the other hand, it follows from the work of
Quas [40, Theorem 1] that if f is continuous and f = h—ho6 with h € L,
then there exists g continuous such that f = g — g 0 . For some additional
results on coboundaries of rotations see [44],[24],[6].

Elements of the linear manifold (I — T)X are called coboundaries. The
equation (I — T)y = x with x given is called the cohomology equation in
ergodic theory, and the (discrete) Poisson equation in the theory of discrete
time Markov processes.

For a bounded representation 7'(s) of a semi-group S by linear operators
on a Banach space X, we call a function z(s) from S to X a coboundary if
there exists y € X such that z(s) = (I —T'(s))y for every s € S. If z(s) is a
coboundary, then

x(s182) = (I —T(s182))y =y —T(s1)T(s2)y =

y—T(s1)y +T(s1)(y — T(s2)y = x(s1) + T(s1)x(s2).
A function z(s) satisfying z(s1s2) = x(s1) + T'(s1)x(s2) is called a cocycle.
The above shows that a coboundary is a bounded cocycle. For the represen-
tation {7} of N by a power-bounded operator T, z(n) is a cocycle if and
only if it is of the form z(n) = zz;é T*z; when = (I — T)y, then this
cocycle equals (I —T™)y.

Moulin-Ollagnier and Pinchon [38] extended the theorem of Gottschalk
and Hedlund to group actions by homeomorphisms of a compact Haus-
dorff space, proving that a bounded cocycle of a minimal group action is a
coboundary. Browder’s theorem was extended by Parry and Schmidt [39] to
bounded representations of a LCA group G by linear operators in a reflexive
Banach space: a bounded cocycle is a coboundary. Unaware of [38], Korn-
feld and Lin [31] proved the result of [38] for minimal actions of semi-groups,
and extended it to irreducible Markov representations in C'(K) of certain
semi-groups.
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In this paper we deal with two commuting contractions 7" and S on a Ba-
nach space X. The partial double sums Z?Zol Z;'l;ol SIT x are not a cocycle

(of the N2 representation), but are uniformly bounded if z = (I —T)(I—S)y
for some y € X. We call such an = a double coboundary (for T' and S). Sim-
ilarly, for d commuting contractions Ti,...,T; we call x € X a d-tuple
coboundary if x = [H;-ZZI(I — Tj)]y for some y € X. The problem of when x
is a d-tuple coboundary of duals in L, (1 < p < 00) of d commuting prob-
ability preserving transformations was studied by Bradley [5] and Gordin
[22]; El Machkouri and Giraudo [18] gave conditions for representing a func-
tion as a sum of a martingale and sums of multiple coboundaries of subsets
of {T1,...,T;} (with the goal of obtaining some central limit theorems, by
martingale approximation).

In Section 2 we characterize uniform ergodicity of d commuting contrac-
tions with equal sets of fixed points (e.g. commuting ergodic Markov op-
erators) by the set of d-tuple coboundaries being closed. Fonf, Lin and
Rubinov [20, Theorem 1.1] observed that a contraction T is uniformly er-
godic if and only if the set of vectors x with bounded partial sums (i.e.
sup,, ||sump_,T*z|| < oo) is closed. For d commuting contractions with
equal sets of fixed points we obtain a d-dimensional extension of the above
result of [20] when X is reflexive, and in the general case we prove it under
an additional mild ”ergodicity” assumption (which is automatically satisfied
by a single contraction).

In Section 3 we consider the problem of when boundedness of the par-
tial double sums (with respect to two commuting contractions S and T)
of a vector x implies that = is a double coboundary. This is an extension
in a different direction of the results of Gottschalk-Hedlund and Browder.
Bradley [5, Corollary 2.2] proved (using a different terminology) that for d
commuting probability preserving invertible transformations, boundedness
in L, (1 < p < o0) of the partial d-multiple sums of f € L, is equivalent
to f being a d-tuple coboundary. His proof cannot be used in the general
context of power-bounded operators on reflexive Banach spaces.

2. MULTIPLE COBOUNDARIES AND UNIFORM ERGODICITY

It is well-known (e.g. [33, p. 73]) that if T" is a power-bounded operator
on a Banach space X (not necessarily reflexive), then |1 S0 T*z|| — 0 if

and only if z € (I — T)X. The set of x € X such that % Y ko T*z converges

is a closed subspace which equals F(T) @ (I —T)X, where F(T) is the set
of fixed points of T'; when X is reflexive we have the ergodic decomposition
X =F(T)® (I —T)X. When the ergodic decomposition holds for T' power-
bounded (in a not necessarily reflexive space), T is called mean ergodic. If
the convergence of %Zzzo T* is uniform on the unit ball of X, we call T
uniformly ergodic.

In this section we obtain an ergodic decomposition for d commuting mean
ergodic power-bounded operators, using d-tuple coboundaries. The decom-
position is used to characterize the d-tuple coboundaries of commuting uni-
formly ergodic power-bounded operators with common fixed points.
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Proposition 2.1. LetTh, ..., Ty be commuting mean ergodic power-bounded
operators on a Banach space X. Then the linear manifold
d
Y={zeX:z= sz + [H;-lzl(I—Tj)]y ye X, Tjzj = zj}
j=1

is dense in X.

Proof. For d = 1 this follows from the decomposition X = F(T)& (I —T)X.

We now prove for d = 2. By commutativity, T1z1 = z; implies that
Ty (Tsz1) = Taz1. The ergodic decomposition yields that F(Ty) + (I — T2)X
is dense, and for zo + (I — T3)y2 we approximate yo by z + (I — T1)y with
z € F(T1). Then zo4+(I—T2)(2+(I—T1)y) = 2o+ (z—T2z)+(I-T2)(I-T1)y
yields the result with z; = z — Thz.

For d > 2 we proceed by induction, using similarly the ergodic decompo-
sition of Ty. O

Lemma 2.2. Let Th,...,T; be commuting mean ergodic power-bounded op-
erators on a Banach space X. Then

d ™
(2.1) X = [ﬂF(Tj)] @Z(I—Tj)x.

Proof. Denote A, (T) = %ZZ;(% TF and M,, := H;l:lAn(Tj). Since A, (T})
converges strongly as n — 0o to a projection Pj on F'(Tj) which annihilates
(I — T3)X, by commutativity M,x converges strongly to H?Zle, which is
a projection on ﬂ;l:l F(T}) which annihilates all the images (I —7};)X, and
we get the decomposition as in the case of a single operator. O

Remark. The lemma follows also from the general Koliha-Nagel-Sato
decomposition (see [33, p. 79]), but for that we first show that the sum of
the ranges of the (I — T}) contains all the ranges (I — H?Zlej)X . This
proof is not shorter.

Theorem 2.3. Let T1,...,Ty be commuting mean ergodic power-bounded
operators on a Banach space X. Then

d

d
(2.2) X =) FIye]u-1)x.
j=1

Jj=1

Proof. We use the notations of the previous lemma, E; := I —lim, A,(Tj) =
I — Pj is well-defined in the strong operator topology, and is a projection on
(I — T3)X with null space F'(Tj). Then F(E;) = (I —Tj)X and (I -E;)X =
P; X = F(Tj). Applying the previous lemma to F1,..., Eq we obtain

d
X = [ﬂ (I-T)X ] @ZF(T]-).
j=1

Now the set of d-tuple coboundaries [H;l:l(f —T})] X is a subset of the left
summand above, and by the density given in Proposition 2.1 we get the
assertion. 0
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Remark. It is clear that [H?Zl(I—Tj)]X C Z?Zl(I—Tj)X. When
the commuting mean ergodic operators have the same set of fixed points
(e.g. induced by commuting ergodic measure preseving transformations on
a probability space (S, 3, i), the decompositions (2.1) and (2.2) yield that
the two closed subspaces above are equal. Moreover, for each j the ergodic
decomposition for 7} then shows that these subspaces equal (I —T})X.

Definition. A vector z € X is called a mized coboundary for the (com-
muting) transformations T3,...,Ty if x € Z?ZI(I -T5)X.
Mixed coboundaries were used in [11]; a characterization of mixed cobound-

aries of commuting unitary operators with countable Lebesgue spectrum was
given (for d =2) in [12, p. 13].

Theorem 2.4. Let T1,...,Ty be commuting mean ergodic power-bounded
operators on a Banach space X with F(T;) = F(T1) for 1 < j < d. Then
the following are equivalent:

(1) All the T; are uniformly ergodic.

(ii) Every mized coboundary is a d-tuple coboundary.

(iii) [[T0—, (I = Tj)]X = (I — T)X for every 1 < k < d.

Proof. (i) = (ii): By the previous remark, for every k we have

d

d
I -11X =S (- Tp)x = T-TX,
j=1 J=1
By uniform ergodicity, (I — Tx)X 1is closed, and (I — T}) is invertible on
it. Since these subspaces are the same, denoted by X, all the I — T}
are invertible on Xj, so H?Zl(l — Tj) is invertible on Xo. Thus, if 2 =
ZZ:1(I — T)yk, then (I — Ty)yr = [H?Zl(l — Tj)]zk, so x is a d-tuple
coboundary.

(ii) = (iili): Fix k and let x = (I — T} )y. Then z is a mixed coboundary,
and by (i) = = [[[}_;(I — T})]z, so

d
(I-TyX C[[[I-T)IX € (I -TH)X,
j=1
so equality holds and (iii) follows.
(ili) = (i): Fix k and assume that T} is not uniformly ergodic. Then
(I—T}y)X is not closed, and we take y € (I — T})X which isnot in (I —T})X.
Put z = (I — T})y. By (iii) there is a z such that x = [H?Zl(f —Tj)]z, so

(23) (=T (- [ -T)) =0.

ik
By (iii) (/ —Tj)X = ({ —T})X for j # k, hence y € (I —Tj)X, so
y — [l (I = To))z is in (I = T5)X = (I —Tj)X; since it is in F(Ty) by
(2.3), it is zero. Hence y € (I — T;)X for j # k, so by (iii) y € ( —T})X
— a contradiction. Hence (I — Tx)X is closed, so T} is uniformly ergodic
[35]. O
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Remarks. 1. Without the assumption that F(Tj) = F(1},) for j # k, (i)
need not imply (ii). Let X # {0} be a finite dimensional Hilbert space, let
0 # T1 # I be an orthogonal projection, and define T = I — T7. Then the
mixed coboundaries are all of X, but 0 is the only double coboundary.

2. Under the assumptions on 71, ..., Ty, the equality (I —T;)X =
(I —T1)X for every j is not sufficient for uniform ergodicity — take 77 not
uniformly ergodic and Tj = T; for j > 1.

3. A non-trivial example can be obtained using Proposition 2.2 of [14]: Let
T be the unitary operator induced on Lo by an invertible ergodic measure
preserving transformation on a non-atomic probability space, and define

T = Zf:_oopg)T", where

[e.9] o0

W0 3 =1 Y ) <o Y ) £0.

n=—oo n=—oo n=—oo

Then F(T;) = F(T) by uniform convexity of Lq, and by [14] (I —T})Ls =
(I —T)Ly for every j. Since the spectrum of 7" is the whole unit circle, 1 is
not isolated in the spectrum of T}, so T} is not uniformly ergodic.

4. On the other hand, if 7" and S are induced on Ly by commuting ergodic
invertible probability preserving transformations as above and (I —T")Ly =
(I — S)Ls, then by the result of Kornfeld [30], T = S*!.

Lemma 2.5. Let T1,...,T; be commuting power-bounded operators on a
Banach space X with F(T;) = F(T1) for 1 <j <d. Then

d
(2.4) {zex: [[]d-T)z=0}=F(T)
j=1

Proof. The inclusion of the right-hand side of (2.4) in its left-hand side is
trivial. The proof of equality is by induction on the number of operators.
For d = 1 this is the definition of F(7T7). Assume the assertion is true for
d — 1 operators, d > 1.

Let [[T/_,( — Tj)la = 0. Then [[[{=(I — Tj)]x € F(T,) = F(T}); but it
is obviously also in (I — T1)X, so [H;l;i (I —Tj)]x = 0, and by the induction
hypothesis x € F(T1). O

Theorem 2.6. Let 11,...,T,; be commuting power-bounded operators on a
Banach space X with F(Tj) = F(T1) for 1 < j <d. Then the set of d-tuple
coboundaries [H?Zl([—Tj)]X is closed if and only if all the T; are uniformly
ergodic.

Proof. We denote Y := [H?ZI(I —T;)]X. The case d =1 is proved in [35],
so we assume d > 1.

Assume that Y is closed. We use the ideas of [35] to prove uniform
ergodicity of all T;. The operator M = H;-lzl(l — T5) maps X onto the
closed subspace Y, so by the open mapping theorem (e.g. [17, p. 487])
there is K > 0 such that for y € Y there exists z € X with ||z|| < K|y||
and Mz = y. Denote by T] the restriction of T} to the invariant subspace
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Y. Then for y € Y we have

< B T = o < P50 TTa - ool
=2 =2

Hence HAn(Tl)H — 0 (on Y). Since I — A,(T}) = =h RS,
when ||A,(T1)|| < 1 we have that I — T} is invertible on Y. Similarly, all
I — Tj are invertible on Y, so Y = [H?ZI(I — T;)]Y. Thus for z € X
there is a z € Y with Mx = Mz, so M(x — z) = 0, and by the previous
lemma = — z € F'(T1). We therefore obtain the ergodic decomposition X =
FTy)yeY Cc F(T1) @ (I —T1)X (note that the decompositions (2.1) and
(2.2) require mean ergodicity, which was not assumed). Hence

I-T)XcI-TNX=Y c(I-T)X,

which shows that (I — T1)X =Y is closed, so T} is uniformly ergodic by
[35]. Similarly all T are uniformly ergodic.

Assume now that each 7} is uniformly ergodic. As remarked above, the
mean ergodicity and the fact that all the operators have the same fixed points
imply that Y = (I —T};)X for every j. By uniform ergodicity (I —T})X is
closed and (I — T}) is invertible on (I —T;)X =Y [35]. This yields that
H?zl(l —Tj) is invertible on Y, so Y = [H?Zl(I —T;)]Y C Y, which shows
that Y is closed. (]

Example. Commuting uniformly ergodic contractions with common fixed
points.

Let p be a probability measure on the Borel sets of the unit circle T. Fix
1 < p < o0, and on Ly(T,\) (where A is the normalized Haar measure)
define Tf = p* f. Then T is a Markov operator with invariant probability
A and |[Tf — [ fdXl, < |l — Xl - || f]l, (where the norm of a measure is
its total variation). Let uq,..., ug be probabilities on T with corresponding
operators 171, ..., Ty. Then T}T}, corresponds to convolution by g puy,, which
commute since the unit circle is an Abelian group. If the yu; are all absolutely
continuous, then F(T}) consists precisely of the constant functions, and by
Theorem 3 of Bhattacharya [4] we have [[;" — Al — 0, which yields that
|7} — Elp — 0 (where Ef = [ fd)).

Note that T'f = p* f in Lo(T, A) is uniformly ergodic if and only if the
Fourier-Stieltjes coefficients of u satisfy inf,, .o |1 — fi(n)| > 0 (e.g. [15]).

Theorem 2.7. Let T, ..., Ty be commuting uniformly ergodic power-bounded

operators on a Banach space X with F(T;) = F(T1) for 1 < j < d. Then
the following are equivalent for x € X :

(i) @ € [[Tj_ (I - )X
(1) 59D .0 [T (4 T < oo
(i) suppso [|[T1—1 (3o T < oe.
Proof. Clearly (i) implies (ii) and (ii) implies (iii).
Assume (iii), and let Y be as in the previous proof. By Theorem 2.6 Y

is closed. Since the operators are uniformly ergodic with the same sets of
fixed points, they have the same ergodic decomposition with (I —7;)X =Y.
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Hence limy,_,oc Ay (Tj)z is independent of j, and we denote it by y, which is
Tj-invariant. Then

d d
I 4@l — ol = 1T An(T))(An(T)z — )] = 0.
j=1 Jj=2

But by (iii) [|[[T{=; An(T})]z| — 0, so y = 0. Thus A,(T1)z — 0, and the

ergodic decomposition X = F(T7) @Y yields that z € Y. O
Remark. For any 77, ..., Ty commuting power-bounded operators on X,
d d n—1
(2.5) T[T -T)x c {a: su%H[H(ZTf)]xH < 00}
j=1 n j=1 k=0

When all the Tj are uniformly ergodic with F/(7}) = F(T1) for 1 < j < d,
Theorems 2.7 and 2.6 yield equality in (2.5), and this linear manifold is
closed. Conversely, when F(Tj) = F(T1) for 1 < j < d and the left hand
side of (2.5) is closed, Theorem 2.6 yields that all the T} are uniformly
ergodic, so we have equality in (2.5) by Theorem 2.7.

A natural question is whether commuting 717, ..., Ty with F(Tj) = F(T1)
must be uniformly ergodic when {x : sup,,~ || [H;l:l(zz;é Tj]")]xH < oo} is
closed. The answer is positive when X is reflexive, since by Theorem 3.1 in
the next section we have equality in (2.5), and then Theorem 2.6 applies. A
partial (positive) answer is given in the next theorem.

Theorem 2.8. Let T1,...,T; be commuting power-bounded operators on a
Banach space X with F(T;) = F(T1) for 1 < j < d, and assume that for
x € (I —T1)X we have

(*) L5 o Rz — 0 for every R # I of the form R = H;-lzl Tjej with €;
zero or one.
If {z : supn>0H[H?:1( "o Tjk)]a:H < oo} is closed, then all the T; are
uniformly ergodic.

Proof. Denote Y := [H?ZI(I —Tj)]X. Then Y is invariant for all the 7},
and we denote by T} the restriction of T; to Y. Put S, := H;l:l (ZZ;S) Tjk)
and similarly define S,,.

If y = J[;({ — Tj)z, then for each k we have ||A,(T})y| — 0 as n — oo,
which shows that T}, is mean ergodic (on Y). Hence (I — T3,)Y =Y, and by

the remark following Theorem 2.3 applied to Y, also Y = [H?Zl(l — T])] Y.
By (2.5) and the assumption, ¥ C {z € X : sup, ||Shz| < oo}, so
sup,, ||§nH < oo by the Banach-Steinhaus theorem.
Ify=][;({ — Tj)z with z € Y, then Sy = Siy = H;'l:1([ — T})x. Then

1= g I~
(2.6) S Sy=a4 ) Fo ) Rip e
=1 V4 =1
by assumption (*), where ¢ goes over all non-zero (ey,...,eq) € {0,1}%

Since sup,, ||Syp|| < 00, we obtain that S,y := s, Sy converges strongly
onY.
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N

Now let y € Y and let z, € Y with hmk[]_[;l:l(l — 1))z, = y. Put

z = lim,, Sny Since S,z — T} as n — 0o, we have

o = ]l =i | Sy — | <

limsup ||S,y — Sy, | |(I—T])ka —i—liﬁn |z — Sn | |(I—Tj)xk|] <
n . .
J j

Klly = [T = Tp)axl

J

which shows that z; — z, hence y = [H?Zl(I — T;)]2. We have obtained
that

d d
Y=[[[e-T)y c[J[a-T)xcY
i=1 i=1

SO [H?Zl(l — T})]X is closed, and Theorem 2.6 yields that all the T} are
uniformly ergodic. O

Remarks. 1. When d = 1, condition (*) is automatically satisfied, and
we obtain that if 7" is power-bounded with {z € X : sup,, || >_j_, T*z| < oo}
closed, then T is uniformly ergodic. This was observed by Fonf, Lin and
Rubinov in [20, Theorem 1.1].

2. For commuting 7} as in the theorem, condition (*) is satisfied when
T} (I — T}) converges strongly to zero for each j.

3. DOUBLE COBOUNDARIES OF DUAL POWER-BOUNDED OPERATORS IN
DUAL SPACES

Let T and S be commuting power-bounded operators on a Banach space
X. Then [||z||| := supj >0 [[ST*z| is an equivalent norm on X for which
T and S are contractions. For brevity, we therefore state our results below
for contractions, but they apply to power-bounded operators as well.

Theorem 3.1. Let T and S be commuting contractions on o reflexive Ba-
nach space X. Then the following are equivalent for x € X :

(i) sup | YT Xk ST | < oo

(ii) There exists z € X such that v = (I — S)(I —T)z.

(i) supy1 | 22520 0=y S7T al| < oo,
Proof. Clearly (ii) implies (i). Obviously (i) implies (iii).

Assume (ii). Define R, = Y075 37070 SIT¢ = (X125 99) (3205, T°).
Then

n

Rpyr =TSR, = (14> S7)(I+ anTﬁ - (Zn: Sj)an T') =
/=1 /=1

j=1 j=1

I+ i ST 4 iT?
j=1 =1
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Hence (i) yields sup,, || Y7, Sz + j_, T'a]| < |2 +2sup, | Roal| < oo,
which yields

Im 1
- J - £
(3.1) HnZSx+nZTm||—>O.
j=1 (=1
Puty, =+33, > ST and
0<j,l<k—1

n

(32) sn=U-SI-Tyu=T-HI-D-Y S 7).

k=10<j,6<k—1

Since (y,) is assumed bounded, by weak sequential compactness there is
a subsequence (y,;) which converges weakly, say to y, and then x,, —
(I —S)(I —T)y weakly. But

_1g k T B T k
xn_nZ(I ST —TMz == nst nZTx—i—nZ(ST)x
k=1 k=1 k=1 k=1
Put v = limyeo = > p_1(T'S)*2. Using (3.1) we obtain z, — z + v, so
(I-S)I-T)y==z+v Putu=lim, <>} (TS)*y. Since (TS)v = v,

we obtain

n n

o 4 k o 1 Kk, _
zu_nlggon;(m) (x4 v) —nIL%(I—S)(I—T)n;(TS) y =

(I - S)(I ~T) lim % STS)ry = (1 - S)(I - Thu.
k

Hence z = (I — S)(I —T)y—v = (I —S)I —T)(y — 3u), so (ii) holds with
z=1y— %u O

Remarks. 1. Given a power-bounded operator T on X reflexive, if z € X
satisfies sup,,~¢ || Yr_; T%2|| < oo, then z is a coboundary: by Browder’s
theorem Tx = (I — Tz for some z, and then x = (I — T)(x + z). For two
operators, if in (i) of the theorem we start the summation from 1 instead of
0, the condition need not imply that x is a double coboundary. For example,
let X = R3, T(a,b,c) = (a,0,0), and S(a,b,c) = (0,b,0). It is easily checked
that (I —T)(I —S)(a,b,c) = (0,0, c), so the double cobundaries are the set
{(0,0,¢) : ¢ € R}. However, > 7", 37, ST (a,b,c) = (0,0,0) for every
(a,b,¢) € X, since TS = 0.

2. Note that once (ii) is proved, we see that the whole sequence {y,}
defined in the above proof actually converges in norm.

Example. Fourier characterization of double coboundaries for the ”shifts”
on Lo(T?).
Let X = Lo(T?) with the normalized Lebesgue measure. We identify
the unit circle T with the interval [0,27), and define on X the operators
Tf(s,t) =ef(s,t) and Sf(s,t) = e f(s,t). Let

Flk, ) // —ikto =S £ (s, t)dt ds
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be the two-dimensional Fourier coefficients of f(s,t). Then

Tf(k.j) = flk—=1,j) and Sf(k,j)=Ff(kj—1),
so T and S shift the Fourier coefficients. Computing the double sums we
obtain

n—1n—1 '
S wrre Y oo
§=0 =0 0<4,j" .0/ <n
Put g = |f|?, and let g(k,j) be its two-dimensional Fourier coefficients.
Then
n—1n—1 ' )
XY= > G -ei -
j=0 £=0 0<5,5",8,6'<n
Thus, by Theorem 3.1, f € X is a double coboundary if and only if
(3.3) sup > [fP(U— L) <0

" 0<4,j 00 <n

The above example yields the following application to two-dimensional
Fejér means. Let 0 < g € L1(T?) and denote by o, (g) and 0,,(9) = 0.0 (9)
the Fejér means of g along rectangles and squares, respectively (see Zygmund
[46, Ch. XVII)).

Corollary 3.2. Let 0 < g € L1(T?). Then for every (s,t) € T2,
sup n®o,(g)(s,t) < oo if and only if supnm o, m(g)(s,t) < oo
n

n,m
Proof. First we prove the case s =t =0. Put f = ,/g. For the operators S
and T in the example, Theorem 3.1 yields that condition (3.3) is equivalent
to

(3.4) sup S X R4 <

0<j 7/<n 0l <m

Putting S,,(9)(s,t) = 3. G(k,5)e'Uks) we see that (3.3) is equivalent
0<Ikl,lj|<n

sup | Y~ Se(9)(0,0
" =0

By the definition of Fejér means, (3.3) and (3.4) are equivalent to
sup,, n%0,,(9)(0,0) < oo and sup,, ,,, nm 0ym(9)(0,0) < oo, respectively. The
equivalence (3.3)<(3.4) yields the case (0,0).

The general case then follows by a suitable translations of the arguments
of g. O

to

Remarks. 1. It is known that for a bounded and continuous function g
with ¢(0,0) = 0 we have 0,,,,(9)(0,0) =y m 0, [46, Ch. XVII, Th. 1.20].
Without any additional conditions, this convergence does not hold with a
rate. However, for a coboundary we obtain a rate.

2. For an L function g, the means along squares o, (g) converge a.e. [46,
Ch. XVII, Th. 3.1] while the means along unrestricted rectangles o, ,(g)
may diverge (e.g., see [27]). The above corollary yields that we have a
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convergence to zero with a rate 1/n? along squares if and only if we have a
convergence with rate 1/nm along rectangles.

Lemma 3.3. Let T and S be commuting contractions on a Banach space
X with T™ and S™ converging in the weak operator topology. If there exist
infinite increasing sequences {m;} and {n;} such that

ni—l mi—l

(3.5) sup | > ) ST || = K < oo,

j=0 ¢=0

thenxz e (I -T)(I —95)X.

Proof. By the assumption 7" and S are mean ergodic, with weak-lim S™ =
P :=1im A,,,(S) and weak-lim 7" = P» := lim A, (7). Since T'S = ST, also
P, and P, commute, and they also commute with 7" and S. By Theorem
23 X =FS+FT)® (I —-S)I—-T)X. Then P := P, + P, — PP is
the projection on F(S) + F(T) corresponding to the above decomposition
of X, and P commutes with 7" and S. Let x satisfy (3.5). Then PPz = 0.
Since PS7 = Py, application of Py to (3.5) yields ||n; Y3y TFPrz|| < K.
Applying I —T we obtain ||(I—-T™)Piz|| < K||I-T||/n;. But T™ converges
weakly to Ps, so letting ¢ — oo we obtain Pix = Pz — PoPix = 0. Similarly
also Pobx = 0, and thus Pz = 0, which proves the assertion. O

Theorem 3.4. Let T and S be commuting contractions on a reflexive Ba-
nach space, with T™ converging weakly and S™ converging strongly. If there
exist infinite increasing sequences {m;} and {n;} such that

TLZ'—I mi—l

sup || Y Y ST || < oo,
K3

j=0 ¢=0
thenxz e (I -T)(I - 95)X.

Proof. By Lemma 3.3, x € (I —T)(I — S)X. By reflexivity, there is a sub-
sequence {i,} such that {Z?;’“O*l Z(T)il SiT )} converges weakly, and we
replace {n;} and {m;} by the corresponding subsequences, so we may as-

sume now that {Z;“:Bl iy 1 8iTe) converges weakly, say to y. Since

x € (I-T)I—-S5)X, also y is in that subspace. Let P; and P, be the
ergodic projections corresponding to S and T, as defined in Lemma 3.3.
Then

(I -T)(I - 8S)y = weak- liZm(I =TI -8z =

x —weak-lim(T"x + S x) + weak-llm T" S x = © — Pox — Pz + PP x.
(2 7

Sincex € (I —T)(I — S)X, wehave Plx = Py =0,s0 (I —T)(I —S)y = x.
U

Remark. Putting S = 0 we get an improvement of part (c) of the result
of Browder and Petryshyn [8] (which holds also for weak convergence).

It is well-known (e.g. [33, p. 65]) that if P is a Markov operator with in-
variant measure m, then P induces a contraction on each L,(m), 1 < p < oo.
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Proposition 3.5. Let P and QQ be commuting ergodic Markov operators on
a probability space (S, %, p) with p invariant for both. For 1 < p < oo, the
following are equivalent for f € Ly(S,3, p):

(i) Sy 1 | 520 Yo' PIQ I < oo

(i) There exists g € L, with [ gdm = 0 satisfying f = (I — P)(I — Q)g.

(i) suppn>1 || 2720 i PIQ"fllp < 0.

Proof. Since [Pifdu= [Q'fdu= [PIQ'fdu = [ fdu by invariance of
w, each of the three conditions implies that [ fdu = 0. For 1 < p < oo,
take in the previous corollary X = Lg ={feL,: [ fdm=0}

For p = 0o we have to prove only that (iii) implies (ii). For simplicity
we shall assume that L;(u) is separable, so the unit ball of L. (u) with
the weak-* topology is compact metrizable [17, Theorem V.5.1]. As in the
proof of Theorem 3.1, we put g, = 237 |, > SIT'f and f, =

0<j,0<k—1
(I — P)(I — Q)gn. The assumption (iii) yields that (g,) is bounded in
Loo, so there exists a subsequence (gy,,) which converges weak-* to some
g € Loo(p). Since p is a probability, we obtain that g,, — g weakly in
Lo(p), and similarly Ly — lim, £ 37 | (PQ)* f is a bounded function. Now
the proof of Theorem 3.1 for Ly yields that f = (I — P)(I — Q)h for some
h € Le. O

Remark. Proposition 3.5 applies when P and @) are induced by com-
muting probability preserving ergodic transformations # and 7 on (S, %, ).
For example, let 8 and 7 be irrational rotations on the unit circle. An-
other example is obtained when x = rz mod 1 and 7 = sz mod 1 on
([0,1), B, dx) for any pair of positive integers r and s (since rz mod 1 is iso-
morphic, via expansion by basis r, to the one-sided Bernoulli shift of i.i.d.
random variables with equi-probable r outcomes, it is ergodic).

Theorem 3.6. Let X = Y™ be a dual Banach space, and let T and S be
commuting power-bounded operators on X which are duals of operators on
Y. Then the following are equivalent for x € X :

‘ -1 -1 oj

(i) supy, ;m>1 |l Z?:o =0 SIT 2| < occ.

(ii) x is a double coboundary, i.e. there exists y € X such that x =
(I—-S)I—-T)y. 4

(iii) supy>1 || 32520 2oimg ST < oo.
Proof. Since (ii) clearly implies (i) and (i) obviously implies (iii), we need

to prove only that (iii) implies (ii).
By the proof of (3.1) in Theorem 3.1, (iii) implies that

I, I
: =Y Sz T :
(3.6) Hn;Saz—Fn; zl| =0

In order to avoid difficulties with the weak-* topology when Y is not sep-
arable, we use the following approach. Let LIM be a fixed Banach limit
(defined on /) which extends Cesaro convergence [19, pp. 33-34] (see also
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[33, p. 135]). By (iii), we can define

(yv) =LIM{( Y  ST'zv)} veY.
0<j,(<n—1
Then y is a bounded linear functional on Y, i.e. y € X.
Let 7 and S be the preduals on Y of T and S. Using the definition, com-
mutativity, (3.6) and the property of LIM preserving Cesaro convergence,
for each v € Y we have

(I =T)I = S)y,v) = {y. (I =T)(I = S)v) =

LIM{( Y ST, (I-T)I-8)w)} =LIM{{(I - T")(I - S")z,v)} =
0<j,t<n—1
LIM{{(z — (T™ + S™)x + (T'S)"z,v)} = (x,v) + LIM{{(T'S)"z,v)}.
Defining z € X by (z,v) := LIM{((T'S)"z,v)} we obtain (I —T)(I — S)y =
x + z. By shift-invariance of Banach limits, (7'S)z = z. We now define
(u,v) := LIM{{((T'S)"y,v)}. Then

(I =T){I = S)u,v) = LIM{((T'S)"(I = T)(I — S)y,v)} =
LIM{{((T'S)"(x 4 z,v) = LIM{(T'S)"x,v)} + (z,v) = 2(z,v).
Hence 2z = (I = T)(I — S)u, so z = (I = T)(I — S)(y — u). O

Remark. Theorem 3.1 is a corollary of Theorem 3.6. The proof of
Theorem 3.1 is closer in spirit to Browder’s, and adapts directly to prove
Theorem 3.6 when Y is separable.

Corollary 3.7. Let X = Y™ be a dual Banach space, and let T be a power-
bounded operator on X which is the dual of an operator on Y. Then the
following are equivalent for x € X :

(i) supps |72 T9)%2|| < oo

(ii) There exists y € X such that x = (I — T)?y.

Example. Bounded double cobundaries of commuting Markov operators
on L.
Let P and @ be commuting Markov operators on (S,3), and let u be a
finite measure such that the measures uP and p@, defined by (uP)(A) :=
[ P(s,A)du(s) and (uQ)(A) := [ Q(s, A)du(s), are absolutely continuous
with respect to pu. Then the operators T and 5’, defined on the space
M(S, %, 1) of finite signed measures absolutely continuous with respect to
p by Tv(A) = [ P(s, A)dv(s) and Sv(A) = [ Q(s, A)dv(s), satisfy T* = P
and S* = Q on M(S,%, u)* = Loo(S, %, ). Theorem 3.6 yields that the
following are equivalent for f € Loo(S, X, p):

(1) suppmx1 | 22720 20 PIQ  flloo < oo

(ii) f is a double coboundary for P and Q.

(iif) supp>1 | 32729 X050 P/Q fllo < oo

Remarks. 1. The separability of L;(S, %, u) (identified with M (S, X, u)
via the Radon-Nikodym theorem), used in the proof of Proposition 3.5, is
not needed.

2. The previous example applies to the characterization of bounded dou-
ble coboundaries of commuting non-singular transformations.
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Corollary 3.8. Let T and S be commuting power—bounded operators on a
Banach space X. If sup,> || Z?;& S0 ST x| < oo, then there exists
¢ € X** such that

x=I=T7)1—-57)¢,
and then sup,, ,,>1 || Z;-l:—(} S ST | < 0.

Proof. We identify X with its canonical embedding in X** and then T and
S are the restrictions to X of T** and S**. Now apply Theorem 3.6 to T™*
and S**. O

Remark. By corollary (3.8), if sup,,> || Z?:_ol Sy SIT || < oo, then
|£3°7 T*|| — 0 and H%Z?Zl Six|| — 0, which is a strengthening of
(3.1).

As an application, we look at commuting irreducible Markov operators on
compact spaces. Let K be a compact Hausdorff space. A Markov operator
on C(K) is a positive linear operator P on C(K) with P1 = 1; it is given by
the transition probability P(s, A) = P*§5(A). A Markov operator is called
irreducible if the only absorbing closed set is K, and uniquely ergodic if it
has only one invariant probability p (a probability u is called invariant if
wP := P*u = p; an invariant probability always exists [30, p. 178]). A
uniquely ergodic Markov operator is irreducible if and only if the support of
the (unique) invariant probability is K (see [31], [30, pp. 177-179] for more
details).

If 4 is an invariant probability for P, then P defines a Markov operator
on Loo(p); when P on Leo(u) is ergodic (Pf = f € Loo(p) holds only if f
is constant a.e.), u is called ergodic. Since the set of P-invariant probabili-
ties on K is non-empty, convex and weak-* compact, by the Krein-Milman
theorem [17, p. 440] it has extreme points, which are precisely the ergodic
probabilities for P.

Lemma 3.9. Let K be a compact Hausdorff space and P an irreducible
Markov operator on C(K). Let f € C(K) and assume that for some P-
invariant probability p there is ¢ € Loo(p) such that f = (I — P)Y a.e.
Then there exists g € C(K) with f = (I — P)g.

Proof. By assumption, | Y 7_o P¥f(s)| = |(I — P 1)y(s)| < 201l pog () a-€-

Define A := {s € K : sup,|>p_oP"f(s)| > 3||¥|1 )} Then A
is open, and by assumption pu(A) = 0. Since the support of p is K, by
irreducibility, A = 0. Hence sup,, || >";_q P* fllc(x) < oo, and by [31] there
exists g € C(K) with f = (I — P)g. O

Remarks. 1. Without irreducibility the result of [31] may fail. Example
3 in [37] exhibits P (induced by a continuous map) uniquely ergodic but not
irreducible on C(K) of a compact metric space, and f ¢ (I — P)C(K) with
sup || S0 P fllor) < 0o

2. For P induced by a minimal continuous map of K, Lemma 3.9 is a
special case of Theorem 1 of Quas [40].

Theorem 3.10. Let P and QQ be commuting irreducible Markov operators
on C(K) of a compact Hausdorff space K, and assume they have a common
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invariant probability p which is ergodic for P. If f € C(K) satisfies

n—1n—1

sup | S PIQ fllpw < oo

§=0 £=0
then there exists a function g € C(K) such that f = (I — P)(I —Q)g.

Proof. By invariance of p, P and @ are contractions also of L (p), and
are the duals of the contractions induced on Lj(u), via the Radon-Nikodym
theorem, by P* and Q* which preserve absolute continuity with respect to u.
Hence by Theorem 3.6 there exists ¢ € Loo(u) such that f = (I-P)(I—-Q)vy
a.e.-u. We apply Lemma 3.9 to P and obtain a function h € C(K) with
f = (I — P)h. Since p is ergodic, when we normalize h to have [hdp =0
we obtain that h = (I — Q)1 a.e.-u. We now apply Lemma 3.9 to @, and
obtain a function g € C(K) with h = (I — Q)g. Hence f = (I — P)h =
(- P)(I - Q). 0

Remark. The set of probabilities on K is convex and weak-* compact;
since it is invariant under P* and Q*, by the Markov-Kakutani fixed point
theorem [17, p. 456] it contains a common invariant probability. What the
proof of Theorem 3.10 needs is a common invariant probability which is
ergodic for at least one of the operators.

Corollary 3.11. let P be an irreducible Markov operator on C(K) of a
compact Hausdorff space K. Then f € (I — P)?C(K) if and only if

n—1
sup 1O~ P fllog) < oo,
n> =0

Corollary 3.12. Let P and QQ be commuting irreducible uniquely ergodic
Markov operators on C(K) of a compact Hausdorff space K. Then the
following are equivalent for f € C(K):

(1) $upp =1 || 2720 2o PIQ fllo) < oo

(ii) f is a double coboundary for P and Q.

(i) supy>1 || 520 202 PIQ fllowk) < oo

Proof. We have only to show that (iii) implies (ii). First note that P and @
have the same invariant probability: if p is the unique invariant probability
of P, then (uQ)P = (uP)Q = p@, and by uniqueness pu@ = u. The
invariant probability p is ergodic by unique ergodicity, and is supported by
K by irreducibility of P and Q). We can now apply the previous theorem
and obtain (ii). O

Example. Continuous double coboundaries of convolutions on the circle.
Let v and n be two probabilities on the unit circle, whose supports contain
an "irrational” point. Hence they are uniquely ergodic and commute, so the
corollary can be applied. A particular case is when v and 7 are irrational
rotations.
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4. DOUBLE COBOUNDARIES OF COMMUTING CONTRACTIONS IN L

Although L; is not reflexive and contractions need not be duals, Browder’s
theorem was extended to contractions of Ly in [37]. The following theorem,
based on this result, yields as corollary the case p = 1 of Proposition 3.5.

Theorem 4.1. Let (S,%, i) be a o-finite measure space, let T and S be be
commuting contractions on L1(S,%, 1), and assume that T is mean ergodic.
Then the following are equivalent for f € Lq(u):

(i) 50D a1 || 2520 S0 ST £ < oo
(ii) f is a double coboundary of T and S.

(iii) sup,; || 3020 Yo SITAf|| < oo

Proof. We have only to prove that (iii) implies (ii).
By Corollary 3.8 also (i) holds, which implies that

n—1 n—1
sup || > T f| = sup || Y T*f|| < oc.
" =0 " =0

Hence, by [37], there exists h € Lq(u) with (I —T")h = f. Since T is assumed
mean ergodic, we may assume that lim [|2 37, T*A|| — 0, and then

N n—1 N n-—1 N
ZZTef_—ZZTZI T)h NZ(I T™h = b,
n 1¢=0 n=1 /=0 n=1

with convergence in norm. Let M be the supremum in (i). Then

N n—1 m—1

(4.2) sup ||f DT S <M

N;m=>1 nlfO 7=0

For fixed m this yields

N n—1
HZSJhH—HZSJ lim jlvnzu OTff
N n—1
hmHZSJ oS Tt < M.
n=1 ¢=0

We now apply again [37]: there exists g € Ly(u) such that (I — S)g = h.
Hence f=(I —-T)h=(I —-T)(I — 9)g. O

Remark. We conjecture that the theorem is true without assuming mean
ergodicity of one of the contractions, but we have not been able to prove it.
The mean ergodicity of 7" was used in obtaining the iterative solution (4.1)
of Poisson’s equation. Without mean ergodicity, the left-hand side of (4.1)
need not converge even weakly to a solution, although there is one (see [37,
Example 1]).

Definition. A contraction T on L is said to satisfy the pointwise er-
godic theorem if for every f € Lp the ergodic averages converge a.e. to a
(necessarily integrable, by Fatou’s lemma) T-invariant function.
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Lemma 4.2. Let T be a positive contraction on L. Let 0 < f € L1 have
a.e. convergent ergodic averages. Then the limit is an integrable invariant
function.

Proof. Put g := lim,, % > bt T*f. By Fatou’s lemma g is integrable, and

1 n 1 n
Tg=T0Am=> TFf) <liminfT(=> TFf) =g,
(lim — ; ) G ; )
since lim inf %T”“f = 0 a.e. by Fatou’s lemma. Thus T'g < g, and by [33,
Lemma 3.10, p. 131] T'g = g on the conservative part C. But by Hopf’s
decomposition > ;2 TFf < 0o a.e. on the dissipative part D, so g = 0 on
D, and 0 < Tg < g shows that T'g = g on D. Hence Tg = g. (]

A positive mean ergodic contraction of L satisfies the pointwise ergodic
theorem [26], but in general, if 7" is a mean ergodic contraction and its
linear modulus is not mean ergodic, T need not satisfy the pointwise ergodic
theorem [13, p. 115].

Theorem 4.3. Let (S,%, ) be a o-finite measure space,and let T and S
be be commuting contractions on Li(S,%, n). Assume that T satisfies the
pointwise ergodic theorem, and S preserves almost everywhere convergence
of sequences of integrable functions. Then the following are equivalent for
[ € Li(p): '

(i) $uPy 21 || 2520 Sito! ST S| < oo

(ii) f is a double coboundary of T and S.

(i) supps1 | 32520 Spsg SITCSI < oo

Proof. The proof follows the proof of Theorem 4.1, till (4.1), but now in (4.1)
the convergence to the solution h of Poisson’s equation is almost everywhere;
Lemma 4.2 is used for the assumption that = > | T*h — 0 a.e.

Put hy := % Ziv:l ZZ;& T*f. Then hy € Ly and converges a.e. to h.
Since S preserves a.e. convergence of sequences of integrable functions, so
do its powers. For fixed m we use Fatou’s lemma and (4.2) to obtain

m—1 m—1 m—1
I3 5% = 1S 87 m ol = g 3= S%hwl <
j= j= j=

m—1

lim inf SThy|| < M.
i in H; Nl <

We now apply again [37]: there exists g € Li(u) such that (I — S)g = h.
Hence f=(I—-T)h=(I—-T)(I —9)g. O

Corollary 4.4. Let 0 and T be commuting measure preserving transforma-
tions on a o-finite measure space (S,%,u), and let T and S be the con-
tractions they induce on Li(S,3, u). Then the following are equivalent for
f € Li(p):

(i) 50D 1 | 520 20" ST f| < oo

(ii) f is a double coboundary of T and S.

(i) supyz1 | 32520 34 ST f| < oo
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Example. Contractions to which Theorem 4.3 applies but Theorem 4.1
does not.

Let # and 7 be commuting measure preserving transformations on a o-
finite measure space (S,3, i), and let T and S be the contractions they
induce on L1 (S, %, p1). Let Ty 1= 35 a;T7, with a; > 0 and >is0a5 = 1.
Then 77 is a Markov operator having i as invariant measure. By the Hopf-
Dunford-Schwartz theorem, 17 satisfies the pointwise ergodic theorem, and
commutes with S since T does. Corollary 4.4 does not apply to 71 and
S, but Theorem 4.3 does. When p is infinite and the transformations are
ergodic, Theorem 4.1 does not apply.

Example. Contractions to which Theorem 4.1 applies but Theorem 4.3
does not.

Let v and 1 be continuous probabilities on the unit circle T with all convo-
lution powers singular, and denote by A the normalized Lebesgue measure.
On Li(A) define Tf := v« f and Sf :=n* f. Then T and S are commut-
ing Markov operators which preserve A\. Hence they are mean ergodic on
Li(\), so Theorem 4.1 applies. Theorem 4.3 need not apply. The assump-
tion of singular convolution powers is since if some power of v (or 7) has an
absolutely continuous component, then 7" (or .S) is uniformly ergodic [4].

Our next result uses Komlés’s theorem [28]. Aaronson and Weiss [1]
suggested to use Komlés’s theorem for solving Poisson’s equation (the co-
homology equation) in L; for a single probability preserving transformation
(a special case of [37]). We note that Komlds’s theorem, although stated
in probabilistic notation, is valid in o-finite measure spaces, since we can
always change the measure to an equivalent probability, and obtain an iso-
morphism of the spaces of integrable functions which preserves pointwise
convergence.

Theorem 4.5. Let (S,X, ) be a o-finite measure space and let T and S
be commuting contractions on Li(S,3, u). Assume that T' and S preserve
almost everywhere convergence of sequences of integrable functions. Then
the following are equivalent for f € Li(u):

(i) $Upy 1 | 520 X7y SITEF| < oo,

(ii) f is a double coboundary of T and S.

(i) supp>1 || 270 24 ST S| < 0.

Proof. The proof follows the proof of Theorem 4.1, till the identity part of
(4.1).

Without loss of generality i is a probability. Since || T h|/n — 0, it
converges in probability, hence there is a subsequence with TVe*1h /N — 0
a.e. The sequence {Nik 27]1\[21 T™h} is norm bounded in L, so by Komlés’s
theorem there exist A’ € L1 and a subsequence {k;} such that

Ny,

7

K
1 1 mn /

t n=1
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Since T preserves a.e. convergence of sequences of integrable functions,

THh = lim 1%(1%T"+1h)
K—oo K =1 Nki el
R+ lim 1§:1(TNki+1h—Th):h’.
K—oo K Np.,
We then obtain from (4.1) that
ki n—1
KZNk nzuz% ff_KZNk ZI T”thooh—h’ a.e.

Since h' is T-invariant (zero if T has no fixed points), also (I—T)(h—h') = f,
so replacing h by h — h/ we may assume h’ = 0, and then

Nkln 1

ZNk ZZTZf%h a.e.

* n=1/¢=0
By averaging in (4.2) we obtain

k;

n—1
(43)  sup HZS%KH— S HfZ ZZTEZSJWM

inlEO j=0

Since S preserves a.e. convergence of sequences of integrable functions, so
do its powers. For fixed m > 1, Fatou’s lemma and (4.3) yield

m—1 m—1 m—1
I3 80 =1 X S/ )l = i 35 S0l <
J= 1= 1=

m—1
im i J < M.
lim inf | ]ZO Shi| <M
By [37], there exists g € L;(u) such that (I—S)g = h. Hence f = (I-T)h =
(I =T){I - S)g. O

Example. Contractions to which Theorem 4.5 applies, Theorems 4.1 and
4.8 do not.

Let 7 be the non-singular invertible transformation on [0, 1] with Lebesgue
measure p, constructed by Chacon (see [33, pp. 151-153]); its pre-dual
operator T'f(z) := d“coli;_l(x)f(T_lx) induced on L; (with T%"g = go7)
does not satisfy the pointwise ergodic theorem, and since T is positive, it is
not mean ergodic [26]. However, its structure shows that it preserves a.e.
convergence of sequences of integrable functions. Looking at 7 x 7 on the
unit square, we obtain two commuting contractions 77 and 75 which are not
mean ergodic and do not satisfy the pointwise ergodic theorem, but each
preserves pointwise convergence of sequences of integrable functions.

Remarks. 1. Theorem 4.5 does not apply in the examples following
Corollary 4.4, so Theorems 4.1, 4.3 and 4.5 are not comparable.
2. Corollary 4.4 is also a consequence of Theorem 4.5.
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We now present a different proof of Theorem 4.5, which may be of interest.
It uses (3.1), but does not use Corollary 3.8, nor [37]. Instead, the strong
Komlés theorem [28, Theorem 1a] is used.

Proof. We have only to show that (iii) implies (ii). Define

n n k-1 k-1
1 , 1 ‘
o= Y, ST =23 O ST
k=1 0<jl<k—1 k=1 j=0 =0

By (iii), sup,, [|gn|l1 < co. Also the sequences {1 Y} (T*f + S*f)}, and
{L30 (TS)* f} are norm bounded in L.

By applying the strong version of Komlds’s theorem [28, Theorem 1a]
successively three times, there exist an increasing subsequence of integers
{m,} and functions g, hy € L; such that for every subsequence {n,} C {m,},

1 n 1 n 1 Ny
—ng. —g a.e., —Z—Z(TS)kf%hl a.e.,
n “— n—n,
r=1 r=1 k=1
and 1370, % v (TR + Sk f CONVETEEs a.c. By the proof of (3.1) in
Theorem 3.1, (iii) implies that |2 Do SUf + LS T f]lr — 0, so
LS n% v (T 4 S*) f converges a.e. to 0, by Fatou’s lemma.
By assumption, T" and S, and therefore also T'S, preserve almost ev-
erywhere convergence. With the limits in the following equations being
pointwise a.e. limits, we obtain

(I~ T)(1 ~ 8)g =Tim - S (1~ T)(I ~ S)gm, =

r=1
1 n 1 my k—1 ) k—1
lim % =% (I -T)I =)D T =
r=1 """ k=1 j=0 (=0

fim L 30 LS 7y - sy -

n m
r=1 " k=1

‘ 1 n 1 my
lim — % % (f = T"f = S*f + (TS)"f).
r=1"" k=1
We thus have (I —T)(I — S)g = f + h1. We now use Komlés’s theorem
to obtain a function he € Ly and a subsequence {n,} C {m,} such that
+ Zf,\[:l n% v (T'S)*g converges a.e. to hg. Since (T'S)hi = hy, we obtain

N 1 ny
D (TS -T)I~S)g=
=1

1

=1

N n

1 1 &
lin 2

r=1 k=

Hence f = (I —T)(I—S)g—hi = —T)(I —S)(g— 3h2). O

(TS)E(f + h1) = 2hy.
1
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Notations. We denote by M (S, X, 1) the space of countably additive
finite signed measures absolutely continuous with respect to u, and by
ba(S, X, 1) the space of bounded finitely additive measures (charges) van-
ishing on the null sets of p. It is known that ba(S, X, ) is the second dual of
M(S, %, p) [17, p. 296]. By the Yosida-Hewitt decomposition [45, Theorem
1.24], every v € ba(S, %, ) can be uniquely decomposed as v = vy + vy,
with 11 € M(S, X, ) countably additive and vy € ba(S, X, ) a pure charge
(i.e. |vo| does not bound any countably additive non-negative measure). S.
Horowitz [25] showed that L. (S, %, i) is isometrically and order isomorphic
to C(K) of a compact Hausdorff space in a way that M(S, X, ) is isomet-
rically order isomorphic to the finite signed measures absolutely continuous
with respect to a probability /i, and pure charges in Lo (i) correspond to
the finite signed measures on K singular to /.

For our next result we need the following lemma.

Lemma 4.6. Let T be a contraction on M (S, %, u) and let n € ba(S, 3, p)
satisfy T**n =n. Thenn., the countably additive part of n, satisfies Tn. = n..

Proof. Let n, = n — 1. be the pure charge part of 7. Then (as in [37])

lpll = 1T npll = l11e + mp = Tel| = [|mpll + lIne = Tnell,
since 7). and 7, are "mutually singular”. Hence T, = 1. (]

The authors are grateful to Christophe Cuny for the idea of the proof of
the next theorem.

Theorem 4.7. Let (S,%, ) be a o-finite measure space, and let T and S
be commuting contractions on L1(S,3, u). If T has no non-zero invariant
functions, or if S is an invertible isometry, then the following are equivalent
for feLy:

() SUPy 1 1| 22520 305y SITEF| < oo

(ii) f is a double coboundary of T and S.

(iii) supy>1 [| 32520 Xopmg STCf| < oo.

Proof. We have to prove only that (iii) implies (ii).

Via the Radon-Nikodym theorem, we identify L;(S, X, ) with M (S, 3, u).
Then v, defined by dv = fdy, satisfies sup,,~1 || Z?;ol S0 SIT Y| < oo

By Corollary 3.8, v = (I — T**)(I — S**)¢ for some 1 € ba(S, 3, u).
Put 7 := (I — S™)3. Then sup, || Y725 S**n|| = M < oco. Decompose
n =mn1 + no with 1 countably additive and 7y a pure charge.

Since (I — T**)n = v, the proof of [37] shows that (I — T)n = v and
T**no = np. Since S** preserves countable additivity, Z;é S**kn, is count-
ably additive (and equals Zz;é S¥n1). To finish the proof we have to show
that these sums are norm-bounded.

Case 1: T has no non-zero fixed points in M (S, X, u).

Since T and S commute, T**(S**ny) = §**19. Hence by Lemma 4.6 and
the assumption, ZZ;(% S**kqq is a pure charge for every n. Hence

n—1 n—1 n—1 n—1
(@4) DS ml < DS ™ mll + 1) S5 Fnol = 1Y 5 *nll < M.
k=0 k=0 k=0 k=0
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Case 2: S is an invertible isometry.
By [10, Lemma 4.2], S***7q is a pure charge for any k, so as before (4.4)
holds.

In either case, we obtain sup,, || ZZ;(I) Skni|| < M, so by [37] there is a
¢ e M(S,%, u) with (I—S)¢ =n1; hence I-T)I-S)(=I-T)mp =v. O

Definition. Let T be a positive contraction of Li(S,%, u). A set B € &
is called T'-absorbing if T'f € Li(B) whenever f € Li(B). This is equivalent
to T*1s_p < 1s_p [33, p. 118]. T is called irreducible if the only non-null
T-absorbing set is S (mod ).

Corollary 4.8. Let (S,X, u) be a o-finite measure space, and let T and S
be commuting contractions on Li(S,%,u). If T is an irreducible positive
contraction, then the following are equivalent for f € Lq:

(1) S0z | 00 S ST ] < oo

(ii) f is a double coboundary of T and S.

(iii) sup,>1 | 32020 Yop—g SITf|| < oc.

Proof. The set C, the conservative part of T, is T-absorbing [33, p. 118],
so by irreducibility either T is dissipative or 1" is conservative. If T is
dissipative, it has no non-zero fixed point (all invariant probabilities are
supported by C' [33, p. 141]), and Theorem 4.7 applies.

We now assume that 7" is conservative, so it is ergodic by irreducibility.
If T has a fixed point h # 0 in Ly, then, by irreducibility, |h|/||h| defines
an equivalent invariant probability [33, p. 132], and then T is mean ergodic
(e.g. [33, p. 73]), so Theorem 4.1 applies. If T" has no fixed points in L;
(except 0), then Theorem 4.7 applies. O

Remarks. 1. Theorem 4.7 applies when T is a dissipative positive con-
traction, even without irreducibility, since it has no fixed points, as observed
in the previous proof.

2. A conservative and ergodic positive contraction 7" on L; is irreducible,
since T-absorbing sets are invariant.

Theorem 4.9. Let (S,%, 1) be a o-finite measure space, and let T and S
be commuting conservative positive contractions on L1(S,%,u). Then the
following are equivalent for f € Ly:

(1) SUPy 1 | 22520 Yoisy' VT fI| < oo

(ii) f is a double coboundary of T and S.

(1) supy, >y || 2720 Sp=g SITC S| < oo

Proof. Since T' is conservative, there exists a decomposition of the space
S = C1 U Cy, with each C; invariant (i.e. T * 1¢, = 1¢, for ¢ = 0,1), such
that every fixed point of T vanishes on Cj, while there exists 0 < p € L1(S)
with Tp = p and {p > 0} = C; [33, p. 141]. If u(Cp) = 0 or u(Cy) = 0,
the desired equivalence is proved like Corollary 4.8 (and S needs to be only
a contraction of L1(S), not necessarily positive). So we assume now that
1(Co) > 0 and u(Cy) > 0.

By commutation, T'(Sp) = S(T'p) = Sp, so the property of Cy yields
{Sp > 0} C Cy. Tt follows easily that if h € Li(Cy) (i.e. h € Lyi(S)
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supported on C1), then Sh is also supported on Cy. Hence L1(C}) is in-
variant under S (i.e. C) is absorbing for ), which yields S*1¢, < 1¢,.
Since S is conservative, S*1¢, = 1¢,, and also $*1 = 1, which implies that
S*1¢, = 1¢,. This shows that also Cy is absorbing for S, and we conclude
that L1(Cp) and Li(C1) are both invariant under 7" and under S. Denote
T = Tirycy and Si = Sip, (i)

Let f € Li(S) satisfy (iii). Writing f = f1 + fo with f; = fl¢,, we obtain

n—1n—1 ) n—1n—1 )
sup [ > ) " SITgfoll + 11D S SITL AN < oo
nzl 50 =0 =0 ¢=0

Since T} is mean ergodic and T has no fixed points (except 0), Theorems 4.1
and 4.7 yield the existence of g; € L1(C;) such that (I —T;)(I — S;)g; = fi,
i =0,1. Hence (ii) holds with g = g1 + go. O

Example. Contractions to which Theorem 4.7 applies, Theorems 4.1,
4.8 and 4.5 do not.

Let v and 7 be absolutely continuous probabilities on R, and define on
L1 (R) the convolution operators T'f = v x f and Sf = n* f. Neither T
nor S has fixed points, so Theorem 4.7 applies. Neither operator is mean
ergodic in L. Both satisfy the pointwise ergodic theorem, but they do not
preserve a.e. convergence of sequences of integrable functions. T and S are
irreducible, so also Corollary 4.8 applies.

Remark. In the second example following Corollary 4.4, also Theorem
4.7 does not apply. However, Theorem 4.9 does apply to that example.

Problem. Is Theorem 4.1 true without the assumption that T (or S) is
mean ergodic?

The problem is whether (iii) in Theorem 4.1 implies (ii) without any addi-
tional assumptions on T" or S. Theorems 4.3 and 4.5 put different additional
assumptions on both 7" and S, and as remarked above, these three theorems
are not comparable. However, they suggest that they might just be special
cases of a general result which does not require additional assumptions. An
important special case of the problem is whether the three conditions in
Theorem 4.1 are equivalent when 71" and S are both positive contractions.
The answer is positive when one of them is dissipative (remark following
Corollary 4.8) or when both are conservative (Theorem 4.9), but we do not
know the answer in the general case.

Acknowledgement. The authors are grateful to Catalin Badea for pro-
viding them with a copy of the thesis [16], which brought [32] to their at-
tention.

REFERENCES

[1] J. Aaronson and B. Weiss, Remarks on the tightness of cocycles, Colloq. Math. 84 /85
(2000), Part 2, 363-376.

[2] A. Alonso, J. Hong and R. Obaya, Absolutely continuous dynamics and real cobound-
ary cocycles in LP-spaces, 0 < p < oo, Studia Math. 138 (2000), 121-134.

[3] D.V. Anosov, On an additive functional homology equation connected with an ergodic
rotation of the circle, Math. USSR Izwestia 7 (1973), 1257-1271.



[4]

[5]

7

8]

(10]
(11]
(12]

(13]

[14]
[15]
[16]
17]
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]
28]
[29]

(30]

DOUBLE COBOUNDARIES FOR COMMUTING CONTRACTIONS 25

R.N. Bhattacharya, Speed of convergence of the n-fold convolution of a probability
measure on a compact group, Z. Wahrscheinlichkeitstheorie u, Verw. Geb. 25 (1972),
1-10.

R. C. Bradley, An L, "cousin of coboundary” theorem for random fields, J. Australian
Math. Soc. 85 (2008), 51-58.

J. Brémont and Z. Buczolich, Mazimizing points and coboundaries for an irrational
rotation on a circle, Ergodic Th. Dyn. Sys. 33 (2013), 24-48.

F. Browder, On iteration of transformations in non-compact minimal dynamical sys-
tems, Proc. Amer. Math. Soc. 9 (1958), 773-780.

F. Browder and W. Petryshyn, The solution by iteration of linear functional equations
in Banach spaces, Bull. Amer. Math. Soc. 72 (1966), 566-570.

P. Butzer and U. Westphal, The mean ergodic theorem and saturation, Indiana U.
Math. J. 20 (1971), 1163-1174.

G. Cohen, C. Cuny and M. Lin, The one-sided ergodic Hilbert transform in Banach
spaces, Studia Math. 196 (2010), 251-263.

G. Cohen and J.-P. Conze, CLT for random walks of commuting endomorphisms on
compact Abelian groups, J. Theoretical Probab., to appear.

G. Cohen and J.-P. Conze, Central limit theorem for commutative semigroups of toral
automorphisms, preprint, Arxiv 1304.4556 (37 pp.).

D. Comez and M. Lin, mean ergodicity of L1 contractions and pointwise ergodic
theorems, in Almost Everywhere Convergence 11, Academic Press, Boston, 1991, pp.
113-126.

Y. Derriennic and M. Lin, The central limit theorem for random walks on orbits of
probability preserving transformations, Contemp. Math. 444 (2007), 31-51.

Y. Derriennic and M. Lin, Variance bounding Markov chains, La-uniform mean er-
godicity and the CLT, Stochastics and Dynamics 11 (2011), 81-94.

O. Devys, Localisation spectrale a l'aide de polynémes de Faber et équation de cobord,
Ph.D. thesis, Université Lille 1, 2012.

N. Dunford and J. Schwartz, Linear Operators, part I, Wiley Interscience, New York,
1958.

M. El Machkouri and D. Giraudo, Orthomartingale-coboundary decomposition for
stationary random fields, Arxiv 1410.3062 (24 pp.).

S. R. Foguel, The Ergodic Theory of Markov Processes, Van-Nostrand Reinhold, New
York, 1969.

V. Fonf, M. Lin and A. Rubinov, On the uniform ergodic theorem in Banach spaces
that do mot contain duals, Studia Math. 121 (1996), 67-85.

V. Fonf, M. Lin and P. Wojtaszczyk, Poisson’s equation and characterizations of
reflexivity of Banach spaces, Colloq. Math. 124 (2011), 225-235.

M. Gordin, Martingale — coboundary representation for a class of random fields, J.
Math. Sci. (N.Y.) 163 (2009), 363-374.

W. Gottschalk and G. Hedlund, Topological Dynamics, AMS Colloq. Publ. vol. 36,
Amer. Math. Soc., Providence RI, 1955.

M. R. Herman, L? regularity of measurable solutions of a finite-difference equation of
the circle, Ergodic Th. Dyn. Sys. 24 (2004), 1277-1281.

S. Horowitz, Transition probabilities and contractions of Lo, Z. Wahrscheinlichkeit-
stheorie u, Verw. Geb. 24 (1972), 263-274.

Y. Ito, Uniform integrability and the pointwise ergodic theorem, Proc. Amer. Math.
Soc. 16 (1965), 222-227.

B. Jessen, A. Zygmund, and J. Marcinkiewicz, Note on the differentiability of multiple
Fourier series, Fund. Math. 25 (1935), 217-234.

J. Komlés, A generalization of a problem of Steinhaus, Acta Math. Acad. Sci. Hungar.
18 (1967), 217-229.

I. Kornfeld, The additive homological equation, Functional Anal. Appl. 10 (1976),
143-144.

I. Kornfeld, Coboundaries for commuting transformations, Illinois J. Math. 43 (1999),
528-539.



26
(31]
(32]

(33]
34]

(35]
(36]
37]
(38]
(39]
(40]
[41]
42]
(43]
(44]
(45]

[46]

GUY COHEN AND MICHAEL LIN

I. Kornfeld and M. Lin, Coboundaries of irreducible Markov operators on C(K), Israel
J. Math. 97 (1997), 189-202.

G. Kozma and N. Lev, Ezponential Riesz bases, discrepancy of irrational rotations
and BMO, J. Fourier Anal. Appl. 17 (2011), 879-898.

U. Krengel, Ergodic Theorems, De Gruyter, Berlin, 1985.

V. P. Leonov, On the dispersion of time-dependent means of a stationary stochastic
process, Theory of Prob. and its Appl. 6 (1961), 87-93.

M. Lin, On the uniform ergodic theorem, Proc. Amer. Math. Soc. 43 (1974), 337-340.
M. Lin, On quasi-compact Markov operators, Ann. Probab. 2 (1974), 464-475.

M. Lin and R. Sine, Ergodic theory and the functional equation (I — T)x = vy, J.
Operator Theory 10 (1983), 153-166.

J. Moulin Ollagnier and D. Pinchon, A note about Hedlund’s theorem, Astérisque 50
(1977), 311-313.

W. Parry and K. Schmidt, A note on cocycles of unitary representations, Proc. Amer.
Math. Soc. 55 (1976), 185-190.

A. Quas, Rigidity of continuous coboundaries, Bull. London Math. Soc. 29 (1997),
595-600.

E. A. Robinson, Sums of stationary random variables, Proc. Amer. Math. Soc. 11
(1960), 77-79.

R. Sato, A remark on real coboundary cocycles in L°°-spaces, Proc. Amer. Math. Soc.
131 (2003), 231-233.

R. Sato, On solvability of the cohomology equation in function spaces, Studia Math.
156 (2003), 277-293.

D. Volny, BV coboundaries over irrational rotations, Studia Math. 126 (1997), 253—
271.

K. Yosida and E. Hewitt, Finitely additive measures, Trans. Amer. Math. Soc. 72
(1952), 46-66.

A. Zygmund, Trigonometric series, Corrected 2nd ed., Cambridge University Press,
Cambridge (UK), 1969.

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING, BEN-GURION UNIVER-
SITY, BEER SHEVA
E-mail address: guycohen@bgu.ac.il

DEPARTMENT OF MATHEMATICS, BEN-GURION UNIVERSITY, BEER SHEVA
E-mail address: 1in@math.bgu.ac.il



