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A New Method for Eye Location Tracking
Eugene Paperno* and Dmitry Semyonov

Abstract—A standard scleral search coil (SSC) system is supplied with a single three-axial transmitter (or with a triad of transmitters) and the direct magnetic coupling between the transmitting
coils and the SSC is used for computing the eye location. The SSC’s
orientation components measured by the SSC system are involved
in the location-tracking algorithm as well. The suggested method
differs from traditional ones where the eye location is computed
indirectly, relative to the measured location and orientation of a
transitional three-axial magnetic sensor attached to the subject’s
head. The new method eliminates systematic errors caused by inaccurate situating the transitional sensor relative to the eye. It also
eliminates systematic errors caused by imperfect orthogonality of
the transitional sensor.
It is found that an accurate location tracking with a single
transmitter is possible only if orientation freedom of the eye is
limited. To track the eye location with no orientation limitations,
a triad of transmitters is employed. The resulting accuracy can be
as good as 1 mm (in a 200-Hz bandwidth) over a relatively large
(0.5 0.5 0.5 m) operating region in the center of a 1 1 1
m SSC system. The analytical results obtained are confirmed with
the help of computer simulations.
Index Terms—Direct magnetic coupling, eye location tracking,
scleral search coil, triad of there-axial transmitters.

I. INTRODUCTION

T

HE magnetic scleral search coil (SSC) technique [1]–[4]
is a standard research tool used for monitoring eye movements in man and experimental animals. A typical SSC system
(see Fig. 1) consists of a field coil box and an SSC embedded in
modified contact lens. The field coil box is combined from two
or three pairs of induction coils mounted to the sides of a cube.
The size of a typical field coil box ranges from 0.3 to 2 m.
The SSC technique is based on amplitude detection of the
voltages induced in the SSC by the field coils. The amplitudes of
the induced voltages are linear functions of the SSC’s axis unit
, and trigonometric funcvector components,
tions of the azimuth and elevation angles, and (see Fig. 1).
The advantage of the SSC technique is that it provides a high
temporal (up to 4 kHz) and angular (up to 0.005 [4]) resolution.
This allows for effortless recording even the smallest types of
angular eye movements.
In many applications there is a need to measure not only the
eye orientation, but the eye location as well. It is traditionally
done by an indirect method. The SSC system is supplied with
a conventional magnetic tracker [5] consisting of a three-axial
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Fig. 1. A typical SSC system. To track the eye location, a conventional
magnetic tracker consisting of the three-axial transmitter and the transitional
three-axial magnetic sensor is added to the system. The three-axial transmitter
is located outside the field coil box, and the transitional sensor is attached to the
subject’s head. The eye location, ~
r
(x; y; z ), is calculated indirectly, relative
to the measured location and orientation of the transitional magnetic sensor.

=

transmitter located outside the field coil box and a transitional
three-axial magnetic sensor attached to the subject’s head (see
Fig. 1). The eye location is calculated relative to the measured
location and orientation of the transitional sensor.
It is important, however, to track the eye location by a direct
method. This should eliminate systematic errors caused by inaccurate situating the transitional sensor relative to the eye. It
should also eliminate systematic errors caused by imperfect orthogonality of the transitional sensor.
For tracking the eye location directly, with no transitional
sensor, we investigate the possibility of employing the direct
magnetic coupling between the three-axial transmitter––or a
number of transmitters––and the SSC itself.
Our aim is to provide theoretical groundings for upcoming
experimental work.
II. EYE LOCATION TRACKING WITH A SINGLE THREE-AXIAL
TRANSMITTER
To take advantage of the direct magnetic coupling between
the three-axial transmitter and the SSC, we suggest involving
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in the location-tracking algorithm the orientation components,
, taken from the SSC system’s output.
in Fig. 1, we
To find the SSC’s location
shall write equations for the quasistatic coupling between the
individual transmitting coils and the SSC. Let us assume that
number 1 ( directed), number 2 ( directed), and number 3
( directed) transmitting coils are operated at different frequencies (time and phase sharing can also be used in practice).
, seen by the SSC can
Corresponding field amplitudes,
be found in this case as the dot products of the vector and
the dipole field vectors, , generated at the location by the
corresponding transmitting coils [6]

To find the , , and
errors, we suppose that uncorreand
are superimposed on the
lated white-noise signals
vectors. We also ascorresponding components of the and
and
noise signals are relatively small and
sume that the
and
.
their rms values are equal,
To estimate the resultant noise we use the following partial
derivatives. For example, for the SSC’s coordinate:
(6)
where

(1)
is the magnitude of the vector ,
are the magwhere
netic moments of the corresponding transmitting coils, index
runs from 1 to 3 and represents magnetic moments of different
,
is the number of
transmitting coils,
turns, is the area, and is amplitude of the ac current flowing
through the each transmitting coils.
, (1) can be rewritten as follows:
For

(2)

(7)
The substitution of (7) into (6) yields

(8)
We assume that the SSC is not moving during each measuring
cycle. As a result, the partial derivatives in (8) become constants
and can be considered as independent. Thus, we can find the
components by applying Gauss’s error propagation rule

, index runs from 1 to 3 and represents difwhere
ferent components of the vector , and the dot product
.
The system of (2) can be solved first for
(3)
and then for the SSC’s coordinates

(4)

,
, and,
are the components of a dummy
where
, such that
vector
and the dot product
.
Once the SSC’s coordinates have been found, it is important
to estimate the location resolution (rms error) of the method
(5)
were ,
mates.

, and

are the rms errors of the coordinate esti-

(9)
By taking the partial derivatives in (9) and considering (2),
as a function of the SSC’s true location
we obtain the
and orientation , see (10) at the bottom of the page. In a similar
way

(11)
quantitatively, we consider a pracTo evaluate the
(
dB)
tical case (see Table I) where
relative to the maximum field intensity measured at a 1-m

(10)
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TABLE I
SIGNAL-TO-NOISE RATIO CALCULATION

Fig. 3. Eye location tracking with a triad of three-axial transmitters. Finding
the distances r , r , r between the three-axial transmitters and the SSC allows
calculation of the eye location by applying the triangulation technique.

only if orientation freedom of the eye is limited, namely if
for a
and
for a
.
It is important to note that employing an additional orthogonal search coil in the contact lens does not provide an escape
from the above problem. It is so because the two orthogonal
search coils can be oriented in such a way that their axes are
perpendicular to the vector . The dot products
and
equal to zero in this case, and both systems
of (2) describing the corresponding coil’s location are degraded
simultaneously.
III. EYE LOCATION TRACKING WITH A TRIAD
THREE-AXIAL TRANSMITTERS
Fig. 2. The location resolution 
as a function of the angle ' between the
~r and ~s vectors. The SSC is located at a 1-m distance from the transmitter, such
r = ( 1=3; 1=3; 1=3).
that ~

distance from the three-axial transmitter. Then for a fixed
, such that
, we calculated in
Fig. 2 the
as a function of the angle
between the and vectors for two different
and
that correspond to a
and
angular resolution of the SSC system.
Equation (10) and Fig. 2 make it clear that the location resis drastically degraded when the SSC’s axis beolution
comes orthogonal to the vector . The dot product
in
the denominator of (10) comes close to zero in this case and
components approach infinity. Inspecting (2), one
all the
can see that the
simply degrades it. A single-point
for a
turns into a sphere
solution
for any
.
mm)
One can see from Fig. 2 that an accurate (
location tracking with a single three-axial transmitter is possible

OF

To track location of the SSCs with no orientation limitations,
we suggest employing two more three-axial transmitters (three
transmitters in all). The triad of transmitters can be located, for
example, beneath the field coil box, as shown in Fig. 3. The
distances , , and between the SSC and each of the transmitters in the triad can be found according to (3). Having a triad
of distances, , we can localize the SSCs by the triangulation
technique.
, of the triangulation
To evaluate the location resolution,
of the distances .
we should first examine the resolution
Considering (11), we plotted in Fig. 4 the
as a function of
for an
m,
, and
the angle
two different
and
.
—unlike the
Fig. 4 shows that the distance resolution
previously evaluated location resolution
[see (10) and
Fig. 2]—is practically not degraded no matter what is the SSC’s
orientation relative to its location . Fig. 4 also shows tat the
reaches its maximum value,
, when the dot product
becomes equal to zero (
). This corresponds
to the worst orientation of the SSC. It is important to note
, is from two to four
that the worst distance resolution,
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Fig. 4. The distance resolution  as a function of the angle ' between the ~
r
and ~
s vectors for an r 1 m,  = 10 , and two different  = 1:7 10
and  = 8:7 10
that correspond to a  =  = 0:01 and  =
 = 0:05 angular resolution of the SSC system. The dashed lines show the
 components that are related to the different types of errors: the error in the
coupling between the three-axial transmitter and the SSC,  , and the error
in the SSC’s orientation,  . One can see that the 
error dominates in (a)
while the  error dominates in (b).

(a)

=

(b)
Fig. 6. The location resolution 
of the triangulation as a function of the
= 10 and  =
SSC location (see Fig. 5) within the operating region (
 = 0:01 ). In (a), the triad of transmitters is asymmetrical (see Fig. 4). In (b),
the triad of transmitters is symmetrical (see Fig. 5). Note that in (b), the location
resolution is below 0.3 mm over the whole operating region. This corresponds
1 mm accuracy.
to a 3



Fig. 5. Eye location tracking with a symmetrical triad of three-axial
transmitters.

times better than the best (see Fig. 2) location resolution,
,
reached with the single three-axial transmitter.
of the
Now we can investigate the location resolution
triangulation as a function of the SSC’s location within the operating region in Fig. 5. We have done it considering for all the
.
transmitters the average values of the distance rms error,
It should be a reasonable approximation because the SSC cannot

be at the same time in its worst orientation relative to all the
transmitters in the triad.
, we substituted all possible combinaTo calculate the
and
in the
tions of the
following triangulation equations:

(12)
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Fig. 7. The location tracker configuration used for the simulation of the
method (see Fig. 8).

where
are estimates of the SSC’s coordinates. After
combinations, we calculated
finding all the possible
(13)
are the true SSC’s coordinates.
where
Fig. 6(a) shows the results of the above calculations obtained
and
(
). One
for a
can see from this figure that asymmetric location of the threeaxial transmitters in Fig. 3 causes an asymmetric, nonoptimal
over the operating area.
distribution of the rms error
can be improved [see
The above distribution of the
Fig. 6(b)] for a symmetric triad of transmitters shown in Fig. 5.
One can see from Fig. 6(b) that the location resolution is
better than 0.3 mm throughout the operating region. This cormm accuracy of the method.
responds to an
IV. SIMULATION OF THE METHOD
Our final aim is to confirm with the help of computer simulations the analytical results obtained in the previous section. We
have done it for the SSC system whose configuration is shown
in Fig. 7.
Parameters of the three-axial transmitters and the SSC were
chosen in accordance with Table I. The SSC was situated in
various locations throughout the operating region as shown in
Fig. 8. For the each location, we calculated the true components
vector according to (2). Then we added samples of
of the
uncorrelated white noise signals
with a
and
with a
to the corresponding true components
of the and
vectors. Substituting the noisy components of
the above vectors into (3), we obtained the noisy distances, ,
between the SSC and the transmitters. Then, we calculated the
SSC’s coordinates by substituting the noisy into the triangulation equations written for the chosen triad configuration (see

Simulation of the SSC’s location estimates for a 
= 10 ,
 =  = 0:01 . The SSC is situated in various locations throughout the
Fig. 8.

2 2

operating region (see Fig. 7). Each cube corresponds to a 2 2 2 mm space
around the true SSC’s location. The black dots within the cubes represent the
location estimates (500 total for each cube). The gray dots on the cubes’ facets
are projections (shadows) of the dots within the cube.

Fig. 7). The above procedure was repeated 500 times for the
each location of the SSCs in Fig. 7.
Eventually, the location estimates were plotted in Fig. 8
within a 2 2 2 mm cubic space around the true SSC’s
and maximum
errors
location. Both the rms
were calculated and are given in Fig. 8.
A comparison between Figs. 8 and 6(b) shows a good agreement between the simulations and the theoretical calculations.
V. CONCLUSION
Section II demonstrates that supplying a typical SSC system
with a single three-axial transmitter allows a direct location
tracking of the eye. Analytical equations describing the eye co, and the distance, , between the eye
ordinates,
and the three-axial transmitter involve the eye orientation com, (measured by the SSC system) along
ponents,
, of the magnetic
with the components,
coupling between the three-axial transmitter and the SSC. The
error analysis of the equations developed shows that the location
, is drastically degraded when the SSC’s axis,
resolution,
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, becomes orthogonal to the vector . It means that an accurate
location tracking with a single three-axial transmitter is possible
only if orientation freedom of the eye is limited.
In Section III, we discover and take advantage of the important fact that the resolution of the distance, , between the eye
and the three-axial transmitter is hardly affected by the relative
orientation of the and vectors. Moreover, the average dis, (see. Fig. 4) is found to be from
tance resolution,
) to four (for
) times
two (for
(see. Fig. 2). Conbetter than the best location resolution,
sidering the above facts, we suggest supplying a typical SSC
system with a triad of three-axial transmitters and employ the
triangulation technique to track the eye location with no orientation limitations.
In Section IV, the location resolution of the triangulation is
analyzed both analytically and numerically, and a good agreement between the analytical and numerical results is found. It
is shown that the location tracking accuracy can be as good as
mm (in a 200-Hz bandwidth) throughout a relatively large
(0.5 0.5 0.5 m) operating region in the center of a 1 1 1
m SSC system.
It should be noted that in practical implementations of the
proposed method, both the location resolution and the eye orientation resolution can be reduced due to the inevitable crosstalk
between the location-tracking transmitters and the SSC system
itself. The importance of the present paper is in finding the theoretical limits for the eye location resolution.
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