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ABSTRACf

Practical implementation of low cost digital controller for switched mode converters is
feasible if the sampling rate is lower than the switching frequency. In this work we present a
sampled-data model of switched mode converter applicable for the low frequency range. The
assumption made is that the sampling rate is sufficiently high as dictated by the sampling theorem.
It is shown that the models are linear for small signal operation but represent a bilinear system
under large signal conditions. The models could be useful for the design of microprocessor based
controller for switched mode converter, with improved transient response. Two examples of
possible applications of the model are discussed: as a fast and efficient time domain simulator and
as a tool for the analysis and design of a fast turn-on boost converter.

1. INTRODUCTION

Previous studies concerning modeling, analysis and control of DC-DC power converters
[1]-[13] can be classified into three fundamentally different approaches: 1) averaging and state-
space averaging approaches, Z) discrete time, sampled-data and numerical approach, 3) integration
of both discrete and averaging techniques. The fIrst approach gives simple and accurate models at
low frequencies, but is inaccurate at high frequencies. The second approach gives accurate
models even for high frequencies but it requires heavy computations as often encountered in
numerical analysis and simulation. The third approach gives simple models and accurate enough
behavior at frequencies lower than half the switching frequency.

Microprocessor-based controllers are increasingly used in control and power systems
because of their low cost, flexibility, programmability and their ability to handle simultaneously a
number of tasks. .However, implementation of real time control by inexpensive microprocessor is
.practical only if the sampling frequencies is rather low. In such systems the sampling rate will be
lower than switching rate. However, control law algorithms for such operation can be developed
only after low-frequency sampled-data models of the converters are derived.

:f

2. GENERAL MODELS DERIV ATION

The basic DC-DC switched converter is assumed to operate in the continuous conduction
mode with fixed switching rate and variable duty ratio. The converter system is described by state
and switching equations as follows:
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where:
X(t) is the state vector,
li(t) is the power input vector,
T s is switching period,
D is duty-ratio,
Xo is the initial conditions,
AON, A OFF, BON, BOFF constant system's matrices.

To simplify derivation, synchropization between switching and sampling frequencies is
assumed, so Tp = N.Ts where Tp is the sampling period and N is natural number. It is assumed

that zero order hold is used.
Discrete models are derived as follows:

SteQ 1: Assuming N = 1, Tp = Ts and using general solution of linear system we obtain a discrete

model from (1) as follows:
X ([i+l]Ts) = T(Ts'D). X (iTs) + F(Ts'D).li(iTs) i = 0,1,2,... (2)

where

(3)

Dr.

J
o

F(Ts' D) = exp ([l-D]oTs'AOFF) 0

Ts

J

;f (4)+,"'

...

DT.
Assuming fc « fs, where fc is the comer frequency of the converter, linear approximation of the

exponential terms in (3) and (4) is used and by neglecting powers ofTs the following is obtained:

F(D,Ts) = D.Ts .BON+(l-D)oTs.BoFF' (5)

~

.~ T(D,Ts) = (1 + Ts.AOFF) + (AON-AOFF) .Ts .D (6)

Step 2: Assuming N > I, Tp = N.Ts and following basic digital control theory, the following
discrete model is obtained from (2) by incrementing i N times:
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(8)

k = 0,1,2,...,

Assuming fp > 2fc the following approximation is made:

~(D T ) = I + i.A .D.T + i.(l-D).T .A, s ON s s OFF

~(D,Ts) , F(D,Ts) = D'TsoBON + (l-D)'TsoBoFF (9)

Finally, by neglecting higer powers of T s the desired discrete model is derived:

X (k+l) = A 00 X(k) + Tp ,Al'D(k)o X (k) + TpoB 0 .::U.(k) + T poB l'D(k)°11.(k), (10)

k = 0,1,2,...

where
Ao = I + Tp'AoFF,
Al = AON -A OFF,
Bl = BON -BOFF,
Bo = BOFF (11)
y(k) is the power output and c is a constant vector that relates K(k) to Y(k) at the sampling

instants.
Model in (10) is a bilinear discrete system which is relevant for large signal operation and

analysis, under the above stated assumptions.

(13)

SteQ 3: For constant steady state, if exists, (!lss, Dss, Xss),
X(k+ 1) = X(k), for all k.

From (10) and (12), the steady-state relationship is:

-I
X = [1 -A -D .A ] .[B + D .B ]. U .
-ss o ss loss I ~s

where the sub ss denotes steady state (constant) conditions
SteQ 4: For small signal operation, assume:

ll(k) = llss + !!(k),

(14)D(k) = D + d(k),
ss

~

X(k) = ~s + ~(k).~"

~
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From (10) -(14) and by neglecting second-order terms the sma1l signal model is:

x(k+1) = (A +A l .D .T ). x(k) + T .(A l .X +B I U ) d(k) +
-o ss p -p ~s -ss

+ T '(B +B l 'D ) u(k) k = 0,1,2""
p o ss

Model (15) is a linear discrete system with two inputs !!(k), d(k), whose poles and zeros in Z-
plane are functions of (Dss, Xss, !lss) and T p'

For n order system the model has, at the most, n poles and n-1 zeros in the z-plane
depending on the input to output path,

It is important to note that continuous time models can be obtained from (15), (10) by using
the Euler approximation

(15)

3. SPECIAL CASES AND DISCUSSION

Special cases are discussed to derive properties of commonly used switched mode

converter topologies.
Case 1: A = AON= A OFF, BON= BOFF= B, D = lor 0.

From (10) or (15) we obtain the following:

K(k+l) = (I + Tp.A)o K (k) + Tp.BJl(k). (16)

System in (16) is discrete time linear system obtained from continuous time system

K(t) = AK(t) + BlL(t),

by using the approximation

which is familiar from control theory .

Case 2: Ao~AoFF = A, BON=B, BOFFO (18)
(for example, buck converter)-

From (10) and (18) we obtain:

X(k+1) = (I+Tp-A)- X(k) +TpoB-D(k).!L(k)- (19)

The autonomous behavior of the model is independent of D, but the power input gain is
linear function of D(k)- D(k).!!(k) is the average value of the squared signal D(t)o!!(t), where D(t)
is the switching function-

iiI~:; From (15) and (18) the small signal model is:

A(k+1)=(I+TpA)oA(k) + Tp-B-Uss-d(k) + Tp-BoDss-!!(k). (20)

this is a linear system with fixed poles in the Z-plane, and power input gain is a linear function of
Dss, and duty-ratio input gain is linear function of Uss-
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Case 3: AON * A OFF, BON = BOFF = B (21)
(for example a boost converter),

From (21) and (10) the large signal model is:

X(k+l) = Ao...X(k) + Tp'Al'D(k)' X (k) + Tp'B'lL(k), (22)

The system still is bilinear, but the power input gain is independent ofD,
From (21) and (15) small signal model is:

~(k+ 1) = (Ao + Tp'Dss'Al} ~ (k) + Tp'A1 'Xssd(k) + T p' B,!!(k) (23)

This is a linear system poles are a functions of Dss, its duty-ratio input gain is linear with Xss and
its power input gain is independent of Dss and Xss, As a result, zeros of the i transfer function
from d(k) to y(k) depend on Xss,

In all the above cases poles and zeros of small signal models are functions of T p N ' T s -

the sampling rate,

4. MODEL VERIFICATION BY HARDW ARE AND COMPUTER SIMULA TION
EXPERTh1ENT

A boost convener was used to test the proposed model (Fig. 1). Switching frequency (fs)
was 60 KHz and sampling frequency (fp) was 4 KHz, i.e. N = 15. The system's bandwidth (fc),
as measured by a Hewlett Packard (Palo Alto, California) HP3562A Dynamic Analyzer, was
found to be about 1.5 KHz. A personal computer-based system was used to excite and record the
response of the boost convener to Duty-Ratio steps. The measured responses were compared to
the responses of computer simulations that were carried out in two ways: by using the proposed
bilinear Large-Signal model given by (22), and by a more precise numerical evaluation of the
discrete state equations [9,10].

Fig. I. Circuit diagram of experimental boost converter

The numerical values of the components' parameters were:
L = 0.42mH VD = 0.2V C = 1.45mF RT = 0.2.0.
RL = 0.7.0. RD = 0.1.Q Rc = 0.18.Q Ro = 118.Q

Results obtained by precise (fourth order) simulation and the proposed bilinear model were
found to be in good agreement with negligible differences (Fig. 2). Some differences are noted,
however, between the simulated and measured inductor current transient. The deviations are
probably due to the relatively poor estimates and non linearity of the resistances, inductance and

capacitance.
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Responses of a boost converter to Duty-Ratio (D) steps. Solid line: bilinear simulation;
broken line: precise (fourth order) simulation; curve with ripple: measured response.Fig.2.

The results summarized in Fig. 2 seem to support the validity of the proposed low frequency
model as long as the sampling theorem is fulfilled. It was found that if the theorem is not satisfied
(i.e. the sampling rate is lower than twice the bandwidth of the system) the model becomes
inaccurate and unstable. As long as the sampling theorem requirements are fulfilled, the proposed
low frequency, sampled data model can be used for design, control and simulation of switch mode
converters. Below are some examples of possible applications of the model.

5. FAST TIME-DOMAIN SIMULATION

The proposed model can be used for fast simulation of switch mode systems in computer-aided
analysis and design, especially of digitally controlled systems. However, due to its sampled
nature, the model cannot describe the behavior of the switched system within the sampled interval.
Hence, the model cannot predict high frequency processes and cannot be used, for example, to
simulate converters with large bandwidth or to design controllers for suppressing high frequency
noise or transients. The model cannot be used to predict switching ripple and hence cannot be used
for trimming the device-Ievel design. In its present form, the model is not applicable to simulation
of discontinuous operation mode but it could be developed to include this mode of operation.
5.1. ComQarison with Other Simulation AQ~r~~~~e~

In general purpose simulators (e.g. SPICE, ECAP, SIMNON etc.) the numerical analysis
is carried out by small steps within the switching cycle. Hence a tremendous amount of calculation
has to be carried'out. In all previous proposed discrete models, solutions were obtained for each
switching c~cle [7- 13]. Hence the calculation time for both large and small signal simulation is at
least N times longer than the simulation by the proposed bilinear model. Other investigators solved
analytically the state equation for each switching period and then used the closed form solution for
time-domain simulation [14-16]. This approach is still running the simulation at the switching
increments. Furthermore, the analytical expression will include exponentials which call for series
expansion and hence a more elaborate numerical calculation for each point.

f

~~

6. FAST CHARGING OF OUTPUT CAPACITOR

As an illustration for possible application of the proposed model as a design tool we
consider the problem of output voltage turn-on. In many applications, fast output capacitor
charging is highly desirable. Many practical systems use step-up converter (e.g. boost, flyback) to
charge an output capacitor and often the rate at which full charge is achieved is critical (e.g.

defibrillator).
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Simulation by the bilinear model of the charging process suggest that the application of a
simple linear controller will have an ill effect on the charging fate. Such a controller will force an
initial large D in response to the large output error. But this is in conflict with the required
behavior for fast charging. In fact, if D = 1, iL(K) will increase to infinity while V c(K) will be

kept at zero. Soft-start mechanisms can of course eliminate this problem but will not necessarily
produce the fastest charging rate. Furthermore, this mechanism will have to be reactivated
whenever the capacitor is discharged. Using the proposed bilinear model we developed a simple
control law for fast charging.

a. If Vo(K) < E then D(K+ 1) = Dmin

b. If Vo(K) > 8. Voss{D(K) } then D(K+ 1) = D(K) + f3(1 -D(K»
c.lfVo(K) > (Voss-v) then D(K+l) = Dss

where E = 0.5 V, 8 = 0.65, f3 = 0.8, v = 0.5V for a boost converter with the following

parameters:
C = 5mF RL = 0.4.0. RC = 0.01.0. Ro = 118.0.
L = 0.45mHy RT = 0.03.0. RD = 0.02.0. V 9 = 10V

Simulation was carried out by the bilinear
large signal model to obtain the capacitor
charging transient in three cases (Fig. 3). It o
should be noted that the proposed D sequence ~ .

not only produces a short charging time but ~ 0.
also reduces the current level of the inductor ~
and the switch. Due to its simplicity the ~ 0.
proposed control law is easy to implement by ~
conventional low cost micro-controllers. 5 0.
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Fig. 3. Effect of constant and programmable D's on the charging rate of the output
capacitor of a boost converter.

~

7. CONCLUSIONS

It has been shown that the proposed low frequency sampled data models are efficient, simple
and accurate for describing practical converters at low frequency. The approach is useful both for
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small signal and large signal analysis. In the latter case the model is bilinear, whereas for small
signals it reduces to a linear discrete system. Experimental measurements and computer simulation
of the responses to large steps of D in a boost converter demonstrate the accuracy of the model at
the tested low frequency region.

The bilinear model can be used as a simulation tool for fast and efficient computer aided analysis
and design. The main limitation of the model is its restriction to low frequency range. This
limitation is alleviated by the present trend in technology toward higher switching frequencies.

The applicability of the model for solving practical design problems was illustrated by
considering the problem of output capacitor charging rate in a boost converter. It is shown that a
considerable improvement in charging rate can be achieved by using a simple D control law .Other
possible areas of application of the proposed model include: analysis and design of digital control
strategies for microprocessor based DC-AC inverters and fast response programmable DC-DC
converters.
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