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Average-Current-Based Conduction Losses Model
of Switched Capacitor Converters

Michael Evzelman, Student Member, IEEE, and Shmuel (Sam) Ben-Yaakov, Fellow, IEEE

Abstract—A generic modeling methodology that analyzes the
losses in switched capacitor converters (SCC) operating in open
loop was developed and verified by simulation and experiments.
The proposed analytical approach is unified, covering both hard-
and soft-SCC topologies that include active switches and/or diodes.
An important feature of the proposed model is that it expresses the
losses as a function of the average currents passing through each
flying capacitor during each switching phase. Since these currents
are linearly proportional to the output current, the model is also
applicable to SCC with multiple capacitors if it can be assumed
that each of the subcircuits of the modeled SCC can be described
or approximated by a first-order system. The proposed model can
be used to assess the effect of the operational conditions of the SCC,
such as switching frequency and duty cycle, on the expected losses.
As such, the model can help in the optimization of SCC systems and
their control to achieve high efficiency and the desired regulations.

Index Terms—Conduction losses, modeling, power converters,
resonant converters, soft switching, switched capacitors converters
(SCC).

I. INTRODUCTION

SWITCHED capacitor converters (henceforth referred to as
SCC for plural and singular) suffer from a fundamental

power loss deficiency which makes their use in some applica-
tions prohibitive. Nonetheless, the SCC do have some notice-
able advantages, such as the absence of magnetic components
and very-large-scale integration compatibility that make their
use in some applications preferable. The power loss has been
traditionally explained as being due to the inherent energy dis-
sipation when a capacitor is charged or discharged by a voltage
source or another capacitor [1]–[4]. Two types of SCC have
been considered in the literature, hard- and soft-SCC. The soft-
SCC employs a small series inductor to achieve zero current
switching [5]–[15]. Previous studies that analyze losses in SCC
covered the hard switching case [1]–[4], [16]–[26], or the soft
switching case [5], [11], [14]. A comparison between the two
was carried out in [6] and [12] which applied the first harmonics
approximation to analyze the soft switching case in a unity SCC
converter. This paper presents a generic, scalable, and intuitive
model that is applicable to both hard- and soft-SCC and a closed
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Fig. 1. SCC generic average equivalent circuit.

form solution is derived for the two cases. The major advantage
of the model presented here is that it expresses, in a modular and
expandable approach, the SCC losses as a function of the aver-
age current passing through each flying capacitor during each
switching phase. Since these currents are linearly proportional
to the output current, the individual losses of each subcircuit
derived by the proposed model can be linearly added to obtain
the total loss of complex topologies such as multicapacitors and
multiphase SCC. The model is valid for cases where the sub-
circuits of the converter can be described or approximated by a
first-order RC network. Furthermore, the model is applicable to
SCC that include diodes since diode losses are also expressed
as a function of average currents. The model could be used as
a tool for the examination of new theoretical concepts, as a de-
signer’s aid [27], or as an educational tool for understanding
the intricate loss mechanism in SCC and in capacitor charging
and discharging in general [28]. An additional feature of the
proposed model is its seamless compatibility with circuit simu-
lation software packages. This is due to the fact that the model
is developed in terms of average equivalent circuits rather than
state space equations [20], [29]–[32].

II. MODEL DERIVATION—THE CONCEPT

It has been previously shown that any SCC operating in open
loop can be represented as a voltage source denoted as the
target voltage VT connected in series with an equivalent system
resistance Re that expresses the losses (see Fig. 1) [9], [12],
[16]–[20]. This model is applicable to cases in which the charge
and discharge of the flying capacitors can be represented by RC
or RLC for the resonant SCC networks. This model does not
apply to cases in which the flying capacitor(s) is charged by
a current source to facilitate output voltage control [33]–[38].
The target voltage of the equivalent circuit (see Fig. 1) refers to
the no-load output voltage of the converter and can be evaluated
for a given switched capacitor converter by a set of algebraic
equations. The equivalent resistance of the equivalent circuit, as
developed further in this paper, expresses the conduction losses
of the converter caused by the current that passes via the series
resistances in the capacitors’ charge/discharge paths. Switching
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Fig. 2. Unity SCC and the basic charge/discharge RC subcircuit: (a) Unity
SCC—switching circuit, (b) Basic and generic, instantaneous RC subcircuit.

losses [39], switch drive losses, losses due to stray capacitances
[40], [41], and other parasitic losses, due, for example, to a
shoot-through, are out of the scope of this paper, except for
diode losses, which are considered and taken into account.

The derivation of proposed model is based on dividing the
SCC into switching phases according to the operational modes.
This division results in subcircuits, indexed i, for each oper-
ational phase. For example, in a simple unity converter [see
Fig. 2(a)], there are two operating modes, the charge mode
i = 1 and the second, discharge mode i = 2. Each of these
charge/discharge processes can be represented by the basic,
generic, instantaneous RC circuit of Fig. 2(b) (henceforth re-
ferred to as “the basic RC circuit”), in which ΔVi is the initial
voltage across the switch Si just before closure, Ri is the total
resistance of the loop (switch resistance RSi

and capacitor’s
ESR) and Ci is the total capacitance of the loop. It should be
pointed out that the currents in the basic RC circuit of Fig. 2(b)
are instantaneous i(t) and that the basic RC circuit is valid both
for the charge and discharge processes when a capacitor is con-
nected to a voltage source or to another capacitor. However, the
basic RC circuit of Fig. 2(b) is valid only if the subcircuits can
be represented, or approximated, by a first-order system. Such
an approximation will be acceptable in the 1:1 SCC of Fig. 2(a)
if Co � Cf . The latter is universally assumed, albeit sometime
implicitly, in previous SCC modeling approaches [4], [6], [42].
In the soft-SCC, additional component will appear such as the
total inductance of the loop Li .

Each of the switching phases which are represented by the
corresponding subcircuits is responsible for a power loss, Pi ,
which is due to the power dissipated by the total subcircuit re-
sistance, Ri , during the operating cycle of the subcircuit. This
power loss of each subcircuit, Pi , can then be referenced to
the output current, which serves as a common reference to all
subcircuits’ currents of the converter. This reflection to the out-
put side is possible thanks to the fact that each subcircuits’
average current is linearly proportional to the average output
current [17]–[19]. It should be noted that the phrase “subcir-
cuit’s average current”, which is also termed in this paper as
“average subcircuit’s capacitor current”, or “capacitor average
current” refers to the total charge transferred in the subcircuit
to/from a capacitor during the switching period Ti , of phase, i,

Fig. 3. SCC generic average equivalent circuit that shows the contribution of
the partial subcircuits equivalent resistances Rei to the total equivalent circuit
Re . (For the unity SCC example [see Fig. 2(a)], Re1 is the loss contribution of
charge subcircuit and Re2 is the loss contribution of discharge subcircuit.)

divided by the total switching period Ts . Clearly, a given ca-
pacitor will be involved in at least two subcircuits such that it
will be charged and discharged periodically by the subcircuits
“capacitor’s average currents” which will sum up to zero in
steady-state condition [43], [44]. Applying the proportionality
constants ki that relate the average subcircuits’ currents to the
average output current [17]–[19], the losses of the subcircuits
can be expressed as a function of the output current. This allows
the representation of the losses in each subcircuit i as a partial
equivalent resistance Rei

which represents the contribution of
the ith subcircuit to the total equivalent resistance of the con-
verter (see Fig. 3). Repeating the independent calculations for
each switching phase, these partial equivalent resistances for
the “m” switching phases, Re1 , Re2 ...Rem

, are found and con-
nected in series to form the total equivalent resistance Re , of the
converter (see Fig. 3)

Re =
m∑

i=1

(Rei
). (1)

Along with the switches and capacitors, SCC systems may
include diodes [2], [8], [26], [31], [32], [45]–[50]. The exten-
sion of the SCC equivalent model to take into account the losses
contributed by the diodes is based on the same concept as de-
scribed earlier for the equivalent resistance. Namely, the loss of
each diode in each subcircuit is calculated independently as a
function of the average subcircuit’s current in each switching
phase. The losses are then expressed as a function of the output
current via the proportionality coefficients ki . As a result, the
diodes’ losses can be emulated by a voltage source VD in series
with Re . This extension is further discussed and illustrated in
Section VI.

The proposed modeling approach can handle a dual phase as
well as multiphase SCC and is valid for asymmetrical switching
duration of the subcircuits. It is assumed though that each of
the subcircuits could be represented by a first-order RC circuit
for the hard switching case and a simple, underdamped second-
order RLC circuit for the soft switching case.

III. EQUIVALENT RESISTANCE CALCULATION: HARD

SWITCHING CASE

The generic equivalent RC circuit of Fig. 2(b) represents each
out of i operational phases of the hard-SCC. The energy loss
ERi

dissipated in the subcircuit’s total resistance Ri as a result
of charge/discharge current flow i(t), during the time interval
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Ti is calculated by integrating the instantaneous power p(t) =
i2(t) · Ri over the duration of Ti . The basic, first-order RC
circuit of Fig. 2(b) has an exponential current waveform, and
the integration result takes the form of the following equation:

ERi =
ΔV 2

i · Ci

2
· (1 − e−2β i ) (2)

where βi = Ti /RiCi .
The charge qi transferred during time interval Ti to/from a

capacitor Ci is calculated to be

qi = ΔVi · Ci · [1 − e−βi ] (3)

The charge qi transferred to/from a capacitor, during the sub-
circuit’s operating time Ti , is used to define the “average subcir-
cuit’s capacitor current,” ICa v i

, during phase i (averaged over
the total switching cycle Ts = 1/fs )

ICa v i
=

qi

Ts
= qifs . (4)

Rearranging (3) and (4) to express the voltage difference ΔVi

as a function of average capacitor current during phase i, one
finds

ΔVi =
ICa v i

fsCi · [1 − e−βi ]
. (5)

Substituting (5) into (2) results in an expression for the energy
dissipated in the RC subcircuit i, during the switching period Ti

as a function of the average subcircuit’s capacitor current ICa v i
.

From (2)–(5) we find

ERi
= I2

Ca v i
· 1
fs

· 1
2fsCi

· (1 + e−βi )
(1 − e−βi )

. (6)

The power loss as a function of average subcircuit’s capacitor
current during phase i, of periodically charged or discharged RC
subcircuit, with switching frequency fs can now be evaluated
as follows:

PRi
= I2

Ca v i
· 1
2fsCi

· (1 + e−βi )
(1 − e−βi )

. (7)

The average subcircuit’s capacitor current during phase i can
be expressed as a function of the average output current Io

[17]–[19].

ICa v i
= ki × Io (8)

where ki is the proportionality factor that is calculated by
KCL taking into account the charge balance equations for all
of the SCC switching capacitors as exemplified and detailed
in [16]–[19], (an additional example of the proportionality fac-
tor calculation is given in Chapter V section C that demonstrates
the extension of the methodology to more complex cases).

From (8) and (7), the power loss of ith subcircuit could be
expressed as a function of common reference, the average output
current of the SCC (9)

PRi
= I2

o ·
[
k2

i · 1
2fsCi

· coth

(
βi

2

)]
. (9)

The form of (9) resembles the classical expression for resis-
tive power dissipation (P = I2 · R) and thus, the expression in

Fig. 4. Resonant charge/discharge process: (a) Basic and generic, instanta-
neous RLC circuit. (b) Current waveforms: straight (red) trace—resonant cur-
rent waveform with no diode. Dashed (blue) trace—actual capacitor charging
current waveform with blocking diode.

brackets (9) represents an equivalent resistance. That is, expres-
sion (10) is the equivalent resistance, Rei

, of the ith operational
phase of the hard-SCC, as discussed in Part II

Rei
= k2

i · 1
2fsCi

· coth

(
βi

2

)
. (10)

IV. EQUIVALENT RESISTANCE CALCULATION: SOFT

SWITCHING CASE

The generic charge/discharge subcircuit of the soft switching
case is represented by the corresponding RLC circuit of Fig. 4(a).
At this point, an ideal diode (zero forward voltage) is assumed
while the impact of the diode forward voltage on the losses is
detailed in Section VI. The energy loss ERi

dissipated in the
subcircuit’s total resistance Ri as a result of charge/discharge
current flow during the time interval Ti [see Fig. 4(b)] is cal-
culated by integrating instantaneous power p(t) = i2(t) · Ri

during Ti . The generic second-order RLC circuit of Fig. 4(b)
has a sinusoidal current waveform and the integration result is
found to be

ERi =
ΔV 2

i Ci

2
(1 − e−2π ·ζd i )

or ERi =
ΔV 2

i Ci

2
(1 − e

(−π/Q i

√
1− 1

4 Q 2
i

)
) (11)

where

ω0i =
1√

LiCi

, Qi =
1

RiCi · ω0i

=
ω0i

· Li

Ri
, αi =

Ri

2Li

ωdi
= 2π · fdi

=
√

ω2
0i
− α2

i , ζdi
=

αi

ωdi

. (12)

It should be noted that (11) is valid for oscillatory RLC
circuits, i.e., when the quality factor Qi > 1/2. It is also as-
sumed that the time interval Ti of the ith phase is always
larger or equal to half the period of the damped resonant fre-
quency of the basic RLC circuit, [i.e., Ti ≥ Tωd i

/2, where Tωd i

is the period of the damped resonant frequency and equals to
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Tωd i
= 1/fdi

= (2π) /ωdi
Fig. 4(b)], and that the ideal diode

D [see Fig. 4(a)] blocks the reverse current [after t = Tωd i
/2

Fig. 4(b)]. The charge qi transferred during time interval Ti

to/from a capacitor Ci is calculated to be

qi = ΔVi · Ci · (1 + e−π ·ζd i ). (13)

On the other hand, the transferred charge qi is related to the
average subcircuit’s current (averaged over the total switching
period Ts = 1/fs ),ICa v i

by

qi =
ICa v i

fs
. (14)

Comparing (13) and (14), and solving for the voltage dif-
ference ΔVi results in (15), which is a function of average
subcircuit’s capacitor current during the phase i

ΔVi =
ICa v i

fsCi · (1 + e−π ·ζd i )
. (15)

By substituting (15) into (11), the energy dissipated in an RLC
subcircuit as a function of the average subcircuit’s capacitor
current is obtained.

From (13)–(15), the energy loss, as a function of average
subcircuit’s capacitor current is found to be

ERi
= I2

Ca v i
· 1
fs

· 1
2fsCi

· (1 − e−π ·ζd i )
(1 + e−π ·ζd i )

. (16)

The power loss as a function of the subcircuit’s average ca-
pacitor current during phase i, of a periodically charged or dis-
charged RLC subcircuit, with frequency fs can therefore be
expressed as follows:

PRi
= I2

Ca v i
· 1
2fsCi

· (1 − e−π ·ζd i )
(1 + e−π ·ζd i )

. (17)

It should be noted that (17) is correct for Ti ≥ Tωd i
/2. The

optimal operating condition (lowest power dissipation) is when
Ti equals half of the period of the damped resonant frequency
of the basic RLC circuit, (i.e., Ti = Tωd i

/2).
Applying the hyperbolic tangent function, (17) can be ex-

pressed as follows:

PRi
= I2

o ·
[
k2

i · 1
2fsCi

· tanh

(
π · ζdi

2

)]
. (18)

This leads to the definition of the partial equivalent resistance
Rei of the soft-SCC due to the losses of subcircuit i, as discussed
in Section II

Rei
= k2

i · 1
2fsCi

· tanh

(
π · ζdi

2

)
. (19)

Equation (19) can also be expressed in terms of ith RLC
subcircuit quality factor Qi

Rei
(Qi) = k2

i · 2Q2
i · π · Ri

dfi ·
√

4Q2
i − 1

· tanh

(
π

2
√

4Q2
i − 1

)
(20)

where dfi is the ratio of switching frequency to the ith RLC
subcircuit damped resonant frequency

dfi =
fs

fdi

=
2π · fs · RiCi

2
·
√

4Q2
i − 1. (21)

Fig. 5. Simple hard switched 1:1 SCC, switching circuit.

Fig. 6. Hard switched 1:1 SCC operation phases: (a) Charge. (b) Discharge.

Examination of the power loss in the hard and soft switching
cases (9, 18) reveals that they both can be expressed as a resistor
loss (10), (19), and (20), as shown in previous publications for
the hard switching case [6], [12], [16]–[20]. The aforementioned
analysis shows that the total equivalent resistance Re , of the
converter is in fact the sum of the partial equivalent resistances
for “m” switching phases, Re1 ,Re2 · · ·Rem

, (1), (see Fig. 3).
The value of the equivalent voltage source VT often referred to
as the “target voltage” of the converter is the open circuit voltage
of the SCC, that is, the no load output voltage.

V. EXAMPLES

A. Unity Gain Hard-SCC

Model simplicity and its intuitive application are demon-
strated by considering a 1:1 SCC. The analysis is carried out un-
der the assumption that RS1 = RS2 = RS . ESRo is assumed to
be negligibly small, Co � Cf , T1,2 = 1/2fs and Co RL � T1,2 .
It is further assumed that the SCC is in the steady state for which
the proposed static model is relevant. The hard switched version
of the SCC is first analyzed (see Fig. 5). The SCC is divided into
two phases, charge phase i = 1 [see Fig. 6(a)] and discharge
phase i = 2 [see Fig. 6(b)]. Each of the switching subcircuits
presented in Fig. 6 is reduced to the basic charge/discharge RC
circuit of Fig. 2(b), and Ri, Ci, ki , and βi are calculated for i =
1,2

R1,2 = RS + ESR; C1,2 = Cf

β1,2 =
1

2fs · R1,2C1,2
=

1
2fs · (RS + ESR) · Cf

. (22)

The value of the proportionality constants k can be obtained
by simple charge considerations. Under steady-state condition,
the average subcircuit’s capacitor current during the charge state
is equal to the average subcircuit’s capacitor current during the
discharge state. Furthermore, the average subcircuit’s capacitor
current during discharge [see Fig. 6(b)] is equal to the average
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Fig. 7. Simple soft switched 1:1 SCC, switching circuit.

Fig. 8. Soft switched 1:1 SCC operation phases: (a) Charge. (b) Discharge.

output current. Consequently, all the average currents are equal
and hence, k1,2 = 1.

Applying (10) Rei
is calculated for i = 1, 2

Re1 , 2 (RC ) =
1

2fsCf
· coth

(
β1,2

2

)
. (23)

And the total equivalent resistance for unity SCC according
to (1) and Fig. 3 is

Re(RC ) =
1

fsCf
· coth

(
β

2

)
; β =

1
2fs · (RS + ESR) · Cf

.

(24)

B. Unity Gain Soft-SCC

The soft-SCC case (see Fig. 7) is also analyzed by dividing
it into two phases, the charge phase i = 1 [see Fig. 8(a)] and
the discharge phase i = 2 [see Fig. 8(b)]. Each of the switch-
ing subcircuits presented in Fig. 8 is reduced to the simple
charge/discharge RLC circuit of Fig. 4(a), and Li,Ri, Ci, ki ,
and Qi are calculated for i = 1, 2

R1,2 = RS + Rind + ESR; L1,2 = L; C1,2 = Cf ;

Q1,2 =
1

(RS + Rind + ESR)
·
√

L

Cf
. (25)

Average subcircuit’s currents relationship in soft switched
converter is identical to the hard switched case and again k1,2 =
1. Applying (20), Rei

is calculated for i = 1, 2

Re1 , 2 (RES) =
2Q2

1,2 · π · R1,2

df1,2 ·
√

4Q2
1,2 − 1

· tanh

⎛

⎝ π

2
√

4Q2
1,2 − 1

⎞

⎠ .

(26)

Fig. 9. Step down 3:1 SCC, switching circuit.

Hence, the total equivalent resistance for soft switched unity
SCC according to (1) and Fig. 3 is

Re(RES) =
4Q2

1,2 · π · R1,2

df1,2 ·
√

4Q2
1,2−1

· tanh

⎛

⎝ π

2
√

4Q2
1,2−1

⎞

⎠

Q1,2 =
1

(RS + Rind + ESR)

√
L

Cf

df1,2 =
2π · fs · R1,2Cf

2

√
4Q2

1,2 − 1. (27)

C. Step Down 3:1 Hard-SCC

The extension to higher order SCC is demonstrated by con-
sidering a step down 3:1 converter (see Fig. 9) [51] that includes
two phases as shown in Fig. 10(a) and (b). It is assumed that
the circuit is symmetrical, i.e., Rds on of all the switches are
equal (denoted Rs), all the capacitances of flying capacitors
are equal (denoted C) and their ESRs are also equal (denoted
ESR). ESRo is assumed to be negligibly small, Co � Cf , and
Co RL � T1,2 . Under these assumptions, serially connected ca-
pacitors of Fig. 10(a), and the parallel flying capacitor branches
of Fig. 10(b) can be combined into a single capacitor and resistor
assembly Fig. 10(c) and (d), respectively. This is because, the
initial voltages of the parallel capacitors [see Fig. 10(b)] will
be close to each other, since in the complimentary switching
phase [see Fig. 10(a)] they are charged/discharged by the same
current. The components of serial circuit of Fig. 10(a) therefore
represented by a single capacitor (C/2), single ESR resistor
(2·ESR), and a single switch resistance (3Rds on), as shown in
Fig. 10(c). The parallel branches of Fig. 10(b) therefore repre-
sented by one capacitor (2C), one series resistor (ESR/2), and
one switch resistor (Rds on) as shown in Fig. 10(d). These sim-
plifications overcome the limitation of a first-order circuit per
subcircuit for which the proposed model is valid. It should be
noted that the circuits of Fig. 10(c) and (d) are further reduced
to a basic RC subcircuit of Fig. 2(b) and for the matter of equiv-
alent resistance calculation the total subcircuit resistances and
capacitances are derived in (30) and (31). The ki coefficients,
which represent the ratio between the average subcircuit’s cur-
rent and the average output current at the steady state, are found
by Kirchhoff’s current law (KCL) and capacitor charge balance
at the steady state, as described in [17], [19] and exemplified
in [16] and [18]. It should be noted that the present analysis
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Fig. 10. Step down 3:1 SCC operation phases: (a) Phase 1. (b) Phase 2. (c)
Simplified subcircuit of phase 1. (d) Order reduction of the subcircuit of phase
2. Arrows: average subcircuits currents.

follows the approach, applied throughout this study, by which
the average current of each subcircuit is defined as the charge
transferred in the subcircuit divided by the complete switching
cycle period, Ts . The average subcircuits’ currents, I1 ...I4 , and
the average output current, Io , which flows through the load
resistor RL are marked with arrows in Fig. 10. Matrix (28)
summarizes the relationships between the currents. The two
first rows are capacitors’ Cf 1 and Cf 2 charge balance equal-
ities, third row is the KCL equation of the network shown in
Fig. 10(b), and the last, fourth row is the contribution of the two
phases to the output current Io . It is worth mentioning here that
the two subcircuits are sharing the output port [see Fig. 10(a)
and (b)], and the charge transferred per switching cycle by the
average currents I1 and I4 together to the output port, equals to
the average output current

⎡

⎢⎢⎢⎣

1 −1 0 0
1 0 −1 0
0 1 1 −1
1 0 0 1

⎤

⎥⎥⎥⎦ ·

⎡

⎢⎢⎢⎣

Ī1

Ī2

Ī3

Ī4

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎣

0
0
0
Īo

⎤

⎥⎥⎥⎦ . (28)

The average currents matrix equation (28) has a unique so-
lution (29) for capacitors average charge/discharge currents Ii

(i = 1, 2, 3)

Ī1 = Ī2 = Ī3 =
1
3
Īo . (29)

This implies that the ratio between the first subcircuit’s
current [see Fig. 10(c)] and the average output current is
k1 = Ī1/Īo = 1/3 [see Fig. 10(a) and (c)]. For the second sub-
circuit [see Fig. 10(d)] due to the merge of two capacitors, Cf 1
and Cf 2 , which carried 1/3 · Īo each, Ī2 and Ī3 [see Fig. 10(b)

and (d)], k2 = Ī2/Īo + Ī3/Īo , k2 = 2/3. The total equivalent
capacitances of the subcircuits for phases 1 and 2 are

C1 =
C · Co

2 · Co + C
; C2 =

2 · Co · C
Co + 2 · C . (30)

The total resistances of the subcircuits are

R1 = 3RS + 2ESR; R2 = RS + ESR/2. (31)

Defining T1 and T2 as the duration of the first and second
phases, β1 and β2 are expressed as follows:

β1 =
T1

R1C1
=

T1

(3RS + 2ESR) ·
(

C ·Co

2·Co +C

)

β2 =
T2(

RS + ESR
2

) ·
(

2 · Co · C
Co + 2 · C

)
. (32)

The partial equivalent resistances for each phase can thus be
expressed as follows:

Re1 =
(

1
3

)2

· 1

2f 2
s ·

(
C ·Co

2·Co +C

) · coth

(
β1

2

)

Re2 =
(

2
3

)2

· 1

2f 2
s ·

(
2·Co ·C
Co +2·C

) · coth

(
β2

2

)
(33)

and the total equivalent resistance of the converter is

Re =
1

18fsCCo
[
(2Co + C) · coth

(
β1

2

)
+ 2 (Co + 2C) · coth

(
β2

2

)]
. (34)

For infinitely large output capacitor Co , the output equivalent
resistance Re is reduced to

Re =
1
9
· 1
fsC

{
coth

(
β1

2

)
+ coth

(
β2

2

)}
(35)

where β1 = T1
C (1.5RS +ESR) ; β2 = T2

C (2RS +ESR) .
Being a 3:1 step-down converter, the target voltage VT is in

this case: VT = Vin / 3.

VI. INCLUSION OF DIODE LOSSES

The extension of the SCC equivalent model to include the
losses contributed by diodes is demonstrated by considering an
inverting 1:1 SCC (see Fig. 11), which operates in two phases
as shown in Fig. 12.

Each of the switching subcircuits of Fig. 12 is reduced to the
basic charge/discharge RC circuit of Fig. 2(b) that includes a
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Fig. 11. Inverting 1:1 SCC, switching circuit.

Fig. 12. Hard switched inverting 1:1 SCC operational phases: (a) Charge. (b)
Discharge.

Fig. 13. SCC generic average equivalent circuit including diode losses.

diode, and Ri, Ci, ki , and βi are calculated for i = 1,2 to be

R1 = RS1 + ESR; R2 = RS2 + ESR; C1 = Cf

C2 =
Cf · Co

Cf + Co
(36)

β1 =
1

2fs(RS1 + ESR)Cf

β2 =
1

2fs(RS2 + ESR)
(

Cf ·Co

Cf +Co

) . (37)

Since the average current of the load is transferred by the
flying capacitor, k1,2 = 1. Applying (10), Rei

is calculated for
i = 1, 2

Re1 =
1

2fsCf
· coth

(
β1

2

)
; Re2 =

1

2fs

(
Cf ·Co

Cf +Co

) · coth

(
β2

2

)

(38)
and the total equivalent resistance for the inverting SCC accord-
ing to (1) and Fig. 3 is

Re =
1

2fsCf
·
[

coth

(
β1

2

)
+

Cf + Co

Co
· coth

(
β2

2

)]
.

(39)
Diode conduction losses are modeled by adding to the generic

equivalent circuit a voltage source VD (see Fig. 13) that is equal
to the sum of the forward voltage drops Vfi

of all the diodes in
the circuit, times their proportionality constants ki , which relate

Fig. 14. Charge/discharge instantaneous current waveforms: (a) Complete
charge—“CC” mode. (b) Partial charge—“PC” mode. (c) No charge—“NC”
mode.

the average subcircuit’s current through each diode to the output
current

VD =
m∑

i=1

(ki · Vfi
). (40)

Since in this inverting SCC m = 2, k1,2 = 1, and assuming
equal diodes Vf1 = Vf2 = Vf one finds: VD = 2Vf , where Vf

is the average voltage drop across a single diode. Being an
inverting 1:1 SCC, the target voltage VT in this case is: VT =
−Vin (see Fig. 13), VD is also of negative polarity to correctly
introduce the power loss for the negative current that will flow.

VII. LIMITS OF OPERATING MODES

The behavior of SCC at the boundaries has been previously
derived for the hard [6], [16]–[18], [28] and soft switching [6]
cases. For the sake of completeness, we present here the limits
by applying the loss expressions developed in this study.

Analysis of the loss expressions for the hard switched case
reveals that the losses of a given SCC will depend on the value of
(10) for each of the subcircuits. This value depends, in turn, on
the operating mode of the SCC and in particular on the value of
βi , which will determine if (a) the charging/discharging process
is completed within Ti having the current waveform shown in
Fig. 14(a) (denoted here as the “CC” case), (b) the charging is
partially completed (PC) having the current waveform that is
presented in Fig. 14(b) or (c) the current will be about constant
[see Fig. 14(c)] and the capacitor will have a practically constant
voltage (denoted as No Charging—NC).

The modes of operation (CC, PC, or NC) depend on the value
of βi namely on the relationship between Ti and RiCi . The
behavior of the function (10) can be conveniently examined by
considering its asymptotic values when βi � 1 and βi � 1.

The asymptotic value for the NC case βi �1 (Ti � RiCi) is

Rei (NC) = Rei

∣∣∣∣
βi �1

=
{

k2
i

Ri

fsTi

}
(41)

And for the CC case βi � 1 (Ti � RiCi)

Rei (CC) = Rei

∣∣∣∣
βi �1

=
{

k2
i

1
2fsCi

}
. (42)

Since βi is a function of Ri , the general expression (10),
which is applicable to the PC case, is clearly dependent on
the switch resistance. Similarly, the losses in the NC case (41)
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Fig. 15. Normalized equivalent resistance.

are also dependent on the switch resistance. Hence in these
operating regions the switch resistance will affect the efficiency.
In contrast, expression (42) implies that in the private case of the
complete charge (CC), the switch resistance does not influence
the losses. The same resistance independent result is obtained
by an energy balance calculation, when a capacitor is charged
to the full value of the charging voltage source. The behavior
of Rei

over the full range of the charge/discharge regions (CC,
PC, and NC) is given in Fig. 15 which presents the normalized
equivalent resistance of a single charge or discharge subcircuit,
derived from (10) and normalized by the factor 1

m ·k 2
i ·Ri

and
assuming symmetrical operation (same switching duration for
each of the m subcircuits) (43)

R∗
ei

=
Rei

m · k2
i · Ri

=
βi

2
· coth

(
βi

2

)
. (43)

The curve can be approximated by two linear sections (see
Fig. 15), one for high betas and one for low betas. For the high
beta cases, which correspond to the CC mode (42), 1/fsC is
a dominant term forcing the equivalent resistance to increase
linearly as beta increases. In the case of low betas (which corre-
spond to the NC zone (41)), Re is maintained constant due to the
convergence of (43) to a constant value (41) as beta approaches
zero. It can thus be concluded that when the switching duration
is larger than the time constant of the subcircuit (correspond-
ing to large betas), the equivalent resistance is independent of
the switch resistance but heavily dependent on Ti , and thus
the switching frequency. In this region, the lower the switching
frequency, the larger will be the losses (for the same average
subcircuit’s current).

The lower loss at short switching times is a direct outcome of
the fact that in this case [see Fig. 14(c)], the charge/discharge
RMS current is smaller than in the exponential case [see
Fig. 14(a)], which prevails in the longer switching time. When
the switching time is much shorter than the time constant of the
circuit, the current is practically constant during the switching
time and hence the RMS value is the lowest possible. For the
nonsymmetrical case, the RMS currents of each phase are not
equal and the total equivalent resistance will reach higher values
as depicted in Fig. 17 for the two phases, hard switched, unity
converter.

Fig. 16. Comparison of two equivalent resistance empirical equations to
closed form solution.

Fig. 17. Dependence of the equivalent resistance on the duty cycle D as a
function of normalized frequency in a two phase hard switched unity SCC.

It has been suggested in [16] and [52] that the values of
Re around the breakpoint of the curve shown in Fig. 15 can
be approximated by an empirical equation (44) that applies
the boundary values of Re , (41) and (42), that were derived
earlier [6], [16]–[18], [28]

Rei
= p

√
Rp

ei (NC) + Rp
ei (CC) (44)

where p = 2. However, in a following study [53], Makowski re-
examined the approximation by comparing it to (10) and showed
that a better fitting is obtained when p = 2.54. An example of
the fitting accuracy is given in Fig. 16.

Similar to the hard switching case, the loss expressions for
the soft switched converters was evaluated in this study as a
function of the output current (19, 20) which imply that the
total equivalent resistance of the SCC also follows the simple
addition concept as depicted in Fig. 3, as proposed in this work.
Expression (20) reveals that the losses are a function of three
key parameters: Ri , which is the subcircuit’s resistance, dfi ,
which is the ratio between the switching frequency, fs , and the
damped resonant frequency, fdi , of the RLC subcircuit, we call
it the “frequency ratio,” and Qi , which is the RLC subcircuits’
quality factor. The dependence of the normalized RLC subcir-
cuit’s equivalent resistance, R∗ (45), on the quality factor Qi ,
with dfi as a parameter is depicted in Fig. 18, where

R∗ =
Rei

k2
i · Ri

=
2Q2

i · π
dfi ·

√
4Q2

i − 1
· tanh

(
π

2
√

4Q2
i − 1

)
.

(45)
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Fig. 18. Dependence of the normalized RLC subcircuit’s equivalent resistance
on the subcircuit’s quality factor Qi with frequency ratio dfi as a parameter.

Fig. 18 reveals that the normalized equivalent resistance is a
weak function of Q, once the quality factor is above 3. How-
ever, the frequency ratio has a strong effect on the equivalent
resistance Fig. 18. This is due to the fact that the rms current of
the subcircuit increases as dfi becomes smaller (dfi = fs /fdi).
The increase in Re can be used, as in the case of the hard-
SCC, to regulate the output voltage. This can conveniently be
done by controlling the switching frequency fs . To maintain
soft switching, the boundary Ti ≥ π/ωdi

must be observed.
The highest efficiency in the soft-SCC are thus reached when

two conditions are met: 1) the value of the quality factor is
at least 3 and 2) the switching duration Ti is matched to half
damped resonant period, Ti = π/ωdi

.
For the high-quality factor case, condition 1)—(Qi � 1), the

expression of the equivalent resistance (20) can be significantly
simplified. Applying Taylor’s series extension one finds that
tanh(x) can be approximated by x, when x approaches zero. A
further simplification is obtained by approximating the term of
(4Q2

i − 1) as 4Q2
i , and consequently (20) can be approximated

by expression (46)

lim(Rei
)|Qi �1 = k2

i · 2Q2
i · π · Ri

dfi ·
√

4Q2
i

·
(

π

2 ·
√

4Q2
i

)
(46)

which can be expressed as follows:

lim(Rei
)|Qi �1 = k2

i · π2 · Ri

4 · dfi
. (47)

In the case of a symmetrical 1:1 SCC (k1,2 = 1), with matched
frequencies for both phases (fd(1,2) = fs, df1,2 = 1), the limit-
ing value for each of the subcircuits takes the form

lim(Rei
)|Qi �1 = k2

i · π2 · Ri

4dfi
≈ 1

2
· 5Ri. (48)

The results of the private 1:1 SCC case (48) are similar to
those presented in [6], which were derived by applying the first
harmonic approximation. The more general expression, which
is applicable for any Q value above 1/2 is given in (20), while
the limiting equivalent resistance value for any RLC-based SCC,
is expressed by (47).

Fig. 19. Simulated and model calculated results of hard switched 3:1 step-
down SCC: Upper traces—output voltage. Lower trace—capacitor current Cf 1 .

VIII. VERIFICATION BY SIMULATION AND EXPERIMENTS

The analytical expressions developed in this study were veri-
fied against simulation and experimental results. Output voltage
measurements were used as an indicator for conduction losses
of the converter, applying the fact that the efficiency of SCC is
given by

η =
Vo

M · Vin
=

Vo

VT
(49)

where η is an efficiency, Vin is an input voltage, M is the
conversion ratio of the SCC, VT is a target voltage of SCC,
(M · Vin = VT ), and Vo is an output voltage (see Fig. 1), [2]–[4],
[9], [17], [21], [23], [27], [28], [32], [38]. It should be mentioned
here that (49) is correct under the assumption that switching
losses [39] and substrate capacitive leakage currents [41] and
other extraneous effects are negligibly small as compared to the
average current transferred by the SCC. Furthermore, charge
flow paths within the converter that are not directly transferring
charges from input to output [54] may also cause the efficiency
value to deviate from (49). Hence, the measurement of the out-
put average voltage while the output ripple is relatively low
reflects the amount of losses in SCC

PLoss

Pin
=

Pin − Po

Pin
= 1 − η = 1 − Vo

VT
(50)

where Pin is the input power, Po is the output power, and PLoss
is the conduction losses. Consequently

PLoss = Pin

(
1 − Vo

VT

)
. (51)

Furthermore, the value of Vo is in fact determined by Re ,
since

η =
Ro

Re + Ro
=

Vo

VT
(52)

and hence

Re =
Ro(VT − Vo)

Vo
. (53)

Fig. 19 presents simulation and model derived results for
a step down 3:1 hard-SCC shown in Fig. 9. The equivalent
resistance was calculated using (34). SCC parameters were set
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Fig. 20. Soft switched 1:1 unity converter waveforms: (a) Simulation and
model. (b) Experimental details.

to be Vin = 36 V, Cf 1,2 = 22 μF, ESR = 100 mΩ, Co =
560 μF, ESRo is negligible, RL = 12 Ω, Rds on = 100 mΩ,
fs = 100 kHz, and dead time of 100 ns. Model derived and step
by step full circuit simulation output voltage was found to be
11.8 V, which corresponds to 2% losses [calculated using (50)].

Fig. 20(a) depicts simulation and model derived results of
a soft switched 1:1 unity converter (see Fig. 7). Vin = 24 V,
L = 2.3 μHy, Cf = 1 μF, ESR = 70 mΩ, Co = 560 μF,
ESRo = 38 mΩ (assumed to be zero for simulation and model
evaluation), RL = 91 Ω, Rds on = 0.85 Ω, fs = 100 kHz, and
dead time of 100 ns. The experimental waveforms for this soft
switching case are presented in Fig. 20(b). The simulated and
model derived output voltage was 21.96 V, which represents
8.5% losses, while the measured output voltage in this case
was 22 V, which corresponds to a loss of 8.333% (50). Model
equivalent resistance was calculated by (27).

The inverting SCC, as presented in Fig. 11 was evaluated
under asymmetrical operation, at a duty cycle of 0.8. SCC
parameters were as follows: Vin = 12 V, Cf = 22 μF, ESR
= 100 mΩ, Co = 560 μF, ESRo = 38 mΩ (assumed to be
zero for simulation and model evaluation), RL = 12.1 Ω, fs =
60 kHz, and dead time of 100 ns. Based on the datasheet and
operational conditions, the average forward diode voltage drop
of MBR320P diodes was estimated to be around 0.35 V. The
switches were: S1—SMU10P05, S2—SMU15N05 with Rds on
of 0.28 and 0.1 Ω, respectively. The power associated with drive
and control of the inverting prototype is not included in the ef-
ficiency calculations presented here. Rise and fall times of the
switches were approximately 100 ns that is significantly shorter
than the switching period, and as such switch transition asso-
ciated losses (switching losses) are neglected in the efficiency
calculations [39]. Model equivalent resistance was calculated
using (39) and model equivalent diode voltage source was cal-

Fig. 21. Hard switched inverting 1:1 SCC waveforms: (a) Full circuit (cycle
by cycle) simulation and model calculation. (b) Experimental details.

culated using (40). Simulation and model results are presented
in Fig. 21(a), and experimental results in Fig. 21(b). Model de-
rived output voltage was found to be −9.95 V, which represents
a loss of 17.1%, while the step by step simulation result yielded
−9.84 V that represents a loss of 18%, experimentally measured
output voltage was −9.81 V, corresponds to 18.25% loss.

An additional example of equivalent resistance and loss calcu-
lation and its experimental validation in a multiphase, multica-
pacitor, extended binary SCC is described in [51], [55]. Further-
more, recently proposed SCC [56]–[58] can be approximated
by first-order RC subcircuits and can thus be analyzed by the
proposed approach, which can also be applied to hybrid convert-
ers that include both a switch inductor and switched capacitors
section [59], [60].

IX. DISCUSSION AND CONCLUSION

The loss analysis approach developed in this study resulted in
a unified model that describes conduction losses of the subcir-
cuits in the hard and soft-SCC cases. Closed form solutions were
derived and verified against complete (cycle-by-cycle) simula-
tion and experimentally.

An important feature of the proposed model is that it is based
on the SCC subcircuits’ average capacitor currents. This enables
a systematic procedure for modeling multiphase and multica-
pacitor SCC systems over the complete range of operation (CC,
PC, and NC) for the hard switching cases and for any switch-
ing frequency (provided that Ti ≥ Tωd

/2) for the soft switched
cases. The proposed model is applicable to SCC topologies for
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which the subcircuits can be described by a first-order network.
However, as demonstrated in this paper, subcircuits of practical
SCC, which do not appear to meet this first-order requirement,
can still be approximated as a first-order networks and can thus
be analyzed by proposed modeling approach.

Another unique feature of the model is its ability to handle
hard- and soft-SCC topologies that include diodes, topologies
that are often referred to as “charge pumps” or “voltage multi-
pliers.” This capability is automatically achieved due to the fact
that the analysis is based on the average currents in the sub-
circuits, which are the pivotal parameters for calculating diode
loss.

The proposed model applies a new concept “the equivalent
resistance of a subcircuit” Rei , which is a measure of the dis-
sipative component defined in terms of the average subcircuit’s
current. Since the average subcircuits currents are linearly pro-
portional to the output current, the subcircuits’ equivalent re-
sistance can be considered as the basic components of the total
equivalent resistance of the system (see Fig. 3). Since the losses
of each subcircuit are evaluated independently, the contribu-
tion of each subcircuit is made clear and intuitive. This could
help to optimize SCC designs by trimming the fundamental pa-
rameters that affect the losses. That is, the ratio between the
subcircuits’ switching time Ti and the time constant RiCi , in
hard switching and the quality factor and the ratio between the
switching and the resonant frequencies, in the soft switched
case. In addition, since the model is based on the equivalent
circuit approach rather than the state space averaging model
methodology, it is seamlessly compatible with general purpose
circuit simulators and can be used to explore various output volt-
age regulation schemes [55], [61]–[63], and to develop average
simulation models [43], [44], [60], [64].
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